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Abstrac t

We d evelop a d ynamic mod elofanord er-d rivenmarket populated by d iscretionary
liquid ity trad ers. T hese trad ersmust trad e, yet c anchoose the type oford er and
are fully strategic intheir d ecision.Trad ersd i®er by their impatience: lesspatient
trad ersd emand liquid ity,more patient trad ersprovid e it.T hree equilib rium types
are ob tained - the type isd etermined by three parameters: the d egree ofimpatience
ofthe patient trad ers,w hich w e interpret asthe cost ofexecutiond elayinprovid ing
liquid ity; their proportioninthe population, w hich d eterminesthe d egree ofcom-
petitionamong the liquid ity provid ers; and the tick size, w hich isthe c ost ofthe
minimalpric e improvement.Despite itssimplic ity,the mod elgeneratesa rich set of
empiric alpred ic tionsonthe relationb etw eenmarket parameters,time to execution,
and spread s.We argue that the economic intuitionofthismod elisrobust,thusits
mainresultsw illremaininmore generalmod els.



1 Introd uc tion

Limit and market ord ersc onstitute the c ore ofany ord er-d rivencontinuoustrad ing

system (such asthe NY SE ,Lond onStock E xchange,E uronext,Tokyo and Toronto

Stock E xchanges,asw ellasallthe E CNs).1 A market ord er guaranteesanimmed i-

ate executionat the b est pric e available at the moment ofthe ord er arrivalat the

exchange.Ingeneral,a market ord er representsd emand for liquid ity (immed iacy of

execution).W ith a limit ord er,a trad er c animprove hisexecutionpric e relative to

the market ord er pric e,but the executionisneither immed iate,nor c ertain.A limit

ord er representssupplyofliquid ity to future trad ers.2

T he optimalord er choic e ultimately involvesa trad eo® b etw eenthe c ost ofa

d elayed executionand the cost ofimmed iate execution,w hich (for smalltransac tions)

isd etermined by the size ofthe insid e spread .Intuitively w e expec t patient trad ers

to post limit ord ersand supply liquid ity to impatient trad ers, w ho opt for market

ord ers.Inhisseminalpaper Demsetz (1968) stressesthe limit ord ersasthe source of

liquid ity,pointingout the trad e o® b etw eenlonger executiontime and b etter pric es.

He states(p.4 1):

\W aitingcostsare relativelyimportantfor trad inginorganized markets,and w ould

seem to d ominate the d eterminationofspread s."

He conjec turesthat more aggressive limit ord ersw illb e submitted to gainpriority

inexecutionand shortenthe expec ted time-to-execution. M oreover,he antic ipates

that the ac tive securitiesshould have low er spread sb ec ause the c ompetitionfrom

limit ord ersw illb e ¯erc er inlight ofshorter w aitingtimes.Inthispaper w e explore

the interac tionsb etw eentrad ers'impatience,ord er placementsstrategiesand w aiting

timesinthe c ontext ofa d ynamic ord er-d rivenmarket.

O ur mod elfeaturesbuyersand sellersarrivingsequentially. E ach trad er w ants
1 D omowitz(1 993)showsthatover30 important n̄ancialmarkets intheworldintheearly90 's

hadsomeoforder-drivenmarketfeatures intheirdesign.T heimportanceoforder-drivenmarkets
aroundtheworldhasbeensteadilyincreasingsince.

2W eignoreheremarketablelimitorders.
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to buy or sellone unit ofa security. We assume that these are liquid ity trad ers,

i.e.theyw illbuy/sellregard lessofpric e.How ever,they choose b etw eenmarket and

limit ord ersso asto minimize their cost oftrad ing.U ponarrival,the trad ersd ec id e

to place a market ord er or a limit ord er, cond itionalonthe state ofthe b ook. If

submittinga limit ord er the trad er choosesa price and b earsthe opportunity c ost of

postponingthe trad e.

U nd er severalsimplifyingassumptionsw e are able to d evelop a recursive method

for calculatingthe ord er placementsstrategiesand the expec ted time-to-executionfor

limit ord ers.Ingeneral,inequilib rium,patient trad ersprovid e liquid ity to impatient

trad ers.Weid entify3typesofequilib ria charac terized bymarked lyd i®erent d ynamics

for the limit ord er b ook.T hese d ynamicsturnout to b e very sensitive to the ratio

ofthe proportionofpatient trad ersto the proportionofimpatient trad ers.Ac tually

the larger isthisratio, the more intense iscompetitionamongliquid ity suppliers.

T hey are also in°uenced by the d ispersionofw aitingcostsacrosstrad ers.Some of

our main¯nd ingscanb e summarized asfollow s.

²Limit ord erstime-to-executionare large w henthe proportionofpatient trad ers
isrelativelylarge.T hise®ec t enhancescompetitionamongliquid ity provid ers

w ho submit more aggressive ord ersto shortentheir time-to-execution.Hence

marketsw ith a relatively large proportionofpatient trad ersfeature smaller

spread s.

²Inord er to speed up execution, trad ersfrequently ¯nd optimalto und ercut
or outb id the b est quotesby more thanone tick.T hishappensw hen(i) the

proportionofpatient trad ersisrelatively large,(ii) w aitingcostsare large or

(iii) the ticksize issmall.

²A d ec rease inthe ticksize c anresult inlarger expec ted spread s.Ac tually it

givesthe possib ility to trad ersto quote lesscompetitive pric esby expand ing
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the set ofprices.Ifcompetitionamongliquid ityprovid ersisw eak,theyuse the

new pricesand the average spread increases.

²A d ec rease inthe ord er arrivalrate canresult insmaller expec ted spread s.

Intuitively, such a d ec rease extend sthe expec ted time-to-executionfor limit

ord ers.T hise®ec t ind ucesliquid itysuppliersto place more aggressivelypriced

limit ord ersw henthe insid e spread islarge.

Insome limit ord er markets,d esignated market-makersare required to enter b id

and askquotesinthe limit ord er b ook.T hisisthe c ase,for instance,inthe P aris

B ourse for med ium and smallcapitalizationstocks.3 We consid er the e®ec t ofintro-

d uc ingthistype oftrad er inour mod el.We show that the presence ofa trad er w ho

monitorsthe market and oc casionallysubmitslimit ord ers,c ansignī cantlyalter the

equilib rium.Hisinterventionforc espatient trad ersto submit more aggressive o®ers

inord er to speed up executionand hence narrow sthe spread s.T hisresult provid es

important guid ance for market d esign.

O ur resultscontribute to the grow ingliterature onlimit ord er markets.M ost of

the mod elsinthe theoretic alliterature are focused onthe optimalb id d ingstrategies

for limit ord er trad ers(see e.g. G losten(199 4 ), Chakravarty and Hold en(1995),

R ock(1996),Seppi (1997),B iais,M artimort and R ochet (2 0 0 0 ),P arlour and Seppi

(2 0 0 1)).T hese mod elsd o not analyze the choic e b etw eenmarket and limit ord ersand

are static.For thisreasonthey d o not d esc rib e the interac tionsb etw eenimpatience,

time-to-executionand ord er plac ement strategiesasw e d o inthispaper.

P arlour (1998) and Foucault (1999) stud y d ynamic mod els.P arlour (1998) show s

how the ord er plac ement d ec isionisin°uenced by the d epth available at the insid e

quotes.Foucault (1999) analyzesthe impac t ofthe riskofb eingpicked o® and the

riskofnonexecutionontrad ers' ord er plac ement strategies.Inb oth mod els,limit

ord er trad ersd o not b ear w aitingcost.Hence time-to-executiond oesnot in°uence
3IntheParis Bourse,thedesignatedmarket-makersarerequiredtopostbid-andaskquotesfor

aminimumnumberofsharesandtheirspreadcannotexceed5% ofthestockprice.
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trad ers'b id d ingstrategiesinthesemod elsw hereasit playsa c entralrole inthe present

article.4

We arenot aw are ofother theoreticalpapersinw hich pric esand time-to-execution

for limit ord ersare jointly d etermined inequilib rium.T ime-to-execution,how ever,

isanimportant d imensionofmarket quality inlimit ord er markets(see SE C 1997).

Lo,M c K inlayand Zhang(2 0 0 1) estimate variouseconometric mod elsfor the time-to-

executionoflimit ord ers.Some oftheir ¯nd ingsare c onsistent w ith our results,e.g.

the expec ted time-to-executionincreasesw ith the d istance b etw eenthe limit price

and the mid -quote.O ur mod elalso generatesnew pred ic tionsthat c ould b e tested

w ith d ata onac tualtime-to-executionfor limit ord ers.For instance w e show that the

average time-to-execution(ac rossalllimit ord ers) d epend son(i) the ticksize, (ii)

the ord er arrivalrate and (iii) the proportionofpatient trad ers.5 B iais,Hillionand

Spatt (1995) d esc rib e the interac tionsb etw eenthe size ofthe insid e spread and the

ord er °ow .6 T heyobserve that limit ord er trad ersquicklyimprove the insid e spread

w henit islarge.Inour mod elthe amount byw hich a limit ord er trad er und ercutsor

outb id sthe b est o®ersd epend son(i) the insid e spread ,(ii) the proportionofpatient

trad ersand (iii) the ord er arrivalrate.T hese ¯nd ingsprovid e guid ance for empiric al

stud iesoflimit ord er markets.7

T he paper isorganized asfollow s. Sec tion2 d esc rib esthe mod el. Sec tion3

d erivesthe equilib rium ofthe limit ord er market and provid esexamples.InSec tion
4A fewauthorssuggestotherapproachestomodelingthelimitorderbook.T his includes A ngel

(1 994),D omowitzandW ang(1 994)andH arris (1 995)whoconsidermodelswithexogenousorder
° ow.U singqueuingtheory,D omowitz and W ang(1 994)analyzethestochasticproperties ofthe
book. A ngel(1 994)and H arris (1 995)studyhowthe optimalchoice betweenmarketand limit
ordersvariesaccordingtodi®erentmarketconditions(e.g.thestateofthebook,therateoforder
arrival...).W eusemorerestrictiveassumptionsthantheseauthors.Buttheseassumptions enable
ustoendogenizetheorder° owandthetime-to-executionforlimitorders.

5L oetal.(20 0 1 )reportthatthereisalargevariationinmeantime-to-executionacrossstocks.
A ccordingtoourmodel,thesevariationscanbeexplainedbythefactthatstocksdi®erwithrespect
totradingactivityorticksize.

6SeealsoBenston,IrvineandKandel(20 0 1 ).
7Empiricalanalyses oflimitordermarkets include G oldsteinandKavajecz (20 0 0 ),H andaand

Schwartz (1 996), H arris and H asbrouck(1 996), H ollī eld, M illerand Sandas (20 0 1 a,b),Kavajecz
(1 999)andSandas(20 0 0 ).
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4 w e explore the e®ec t ofa change inticksize and a change intrad ers'arrivalrate on

measuresofmarket quality.Sec tion5presentssome extensions.Sec tion6conclud es.

Allproofs(except for P roposition1) are inthe Append ix.

2 M od el

2 .1 T imingand M arket Struc ture

Consid er a continuousmarket for a single security,organized asa limit ord er b ook

w ithout intermed iaries.We assume that latent informationab out the security value

d eterminesthe range ofad missible pric es,how ever the transactionpric e itselfisd e-

termined by trad ersw ho submit market and limit ord ers.8 Spec ī c ally, at pric e A

outsid e investorsstand read y to sellanunlimited amount ofsecurity,thusthe sup-

ply at A isin̄nitely elastic.We also assume that there existsanin̄nite d emand

for sharesat pric e B (B < A).M oreover,A and B are c onstant over time.T hese

assumptionsassure that allthe pric esinthe limit ord er b ookare inthe range [B ;A].9

T he goalofthismod elisto investigate the b ehavior ofthe limit ord er b ook and

transac tionpric esw ithinthisinterval. T hisb ehavior isd etermined by the supply

and d emand ofliquid ity,or inother w ord sbyoptimalsubmissionofmarket and limit

ord ers.

T hisisanin̄nite horizonmod elw ith d isc rete time period s.At the b eginning

ofevery period a trad er arrivesat the market and observesthe limit ord er b ook.

E ach trad er must buyor sellone unit ofthe security.T hese liquid ity trad ershave a

d isc retiononw hich type oford er to submit.E ach trad er c ansubmit a market ord er

to ensure animmed iate trad e at the b est quote available at the time.Alternatively,

he c ansubmit a limit ord er,w hich improvesthe pric e,but d elaysthe execution.We

assume that trad ers'w aitingcostsare proportionalto the time theyhave to w ait until
8W ediscussthismodellingstrategybelow.
9A similarassumptionisusedinSeppi (1 997)andParlourandSeppi (20 0 1 ).
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c ompletionoftheir transaction.Hence trad ersfac e a trad e-o® b etw eenthe execution

price and the time-to-executionw henthey choose b etw eenmarket and limit ord ers.

Incontrast w ith Ad mati and P °eid erer (1988) or P arlour (1998), trad ersare not

required to carry their d esired transactionbya d ead line.

Allpric es(but not w aitingcostsand trad ers'valuations) are placed ona d isc rete

grid .T he ticksize,w hich ischosenby the exchange d esigner,isd enoted by ¢ > 0.

Allthe pric esinthe mod elare expressed intermsofinteger multiplesof¢ . We

d enote by a and b the b est askand b id quotesw hena trad er comesto the market.

T he insid e spread at that time iss := a¡b.G iventhe setup w e know that a ·A,

b¸B ,and s·K := A¡B .10

B oth buyersand sellers canb e oftw o typesw hich d i®er by the size oftheir

w aitingcosts.T ype 1 trad ers(the patient type) incur anopportunity c ost ofd 1 for

anexecutiond elay ofone period .T ype 2 trad ers(the impatient type) incur a cost

ofd 2 (0 · d 1 < d 2 ).T he proportionofpatient trad ersinthe populationisd enoted

byµ (0 < µ < 1).P atient typescanb e thought asinstitutionsbuild ingup positions,

or other long-term investors.Arb itragersor b rokerscond ucting agency trad esare

examplesofimpatient trad ers.

Limit ord ersare stored inthe limit ord er b ook and are executed insequence

ac c ord ingto price priority(e.g.sellord ersw ith the low est o®er are executed ¯rst).

For trac tab ility, w e make the follow ingsimplifying assumptionsab out the market

struc ture.

A.1: E ach trad er arrivesonlyonce,submitsa market or a limit ord er and exits.

Submitted ord ersc annot b e c ancelled or mod ī ed .

A.2 : Trad ersw ho submit limit ord ersmust narrow the spread by at least one

tick.
1 0 N oticethata;b;s;A;B ;Kandallotherspreadsandpricesthatfollowarepositiveintegers.T his

is sosinceweuseintegermultiplesoftheticksize,¢ ;insteadofdollarpricesanddollarspreads.
Furthermore themodeldoes notrequire time subscripts on variables, thus theyareomitted for
brevity.
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A.3:B uyersand sellersalternate w ith c ertainty,e.g.¯rst a buyer arrives,thena

seller,thena buyer,and so on.T he ¯rst trad er isa buyer w ith prob ab ility 0.5.

AssumptionA.1 impliesthat trad ersinthe mod eld o not ad opt ac tive trad ing

strategiesw hich may involve repeated submissionsand c ancellations.T hese ac tive

strategiesrequire market monitoring,w hich iscostly (e.g.b ec ause liquid ity trad ers'

time isvaluable). T he sec ond assumptionimpliesthat limit ord er trad ersc annot

queue at the same price (note how ever that theyqueue at d i®erent pric essince limit

ord ersd o not d rop out ofthe b ook). W ith thisassumption, the insid e spread is

the only state variable w hich in°uencestrad ers' ord er plac ement strategies. T his

greatlysimplī esthe d esc riptionand the charac terizationoftrad ers'ord er placement

strategies.T hisassumptionislessrestric tive thanit may appear.InSec tion6,w e

show that w e c and ispense w ith assumptionA2 ifpatient trad ers' w aiting cost is

large enough.T he third assumptionfacilitatesthe c omputationoftrad ers'expec ted

w aiting time and isimperative to keep the mod eltrac table (see Sec tion3.1.for a

d iscussion).

Let pb and ps b e the pric espaid bybuyersand sellers,respec tively.Inour mod el,

asinAd matiand P °eid erer (1988) for instance,trad ersd o not have the optionnot

to trad e. T hustheir only d ecisionisa choice ofstrategy resulting ina trad e. A

buyer caneither pay the low est ask a or submit a limit ord er w hich c reatesa new

insid e spread w ith size j.Ina similar w ay,a seller c aneither rec eive the largest b id

b or submit a limit ord er w hich c reatesa new insid e spread w ith size j.T hischoice

d eterminesthe executionprice:

pb = a¡j; ps = b+ jw ithj2f0 ;:::;s¡1g;

w here j= 0 representsa market ord er.It isconvenient to c onsid er j(rather than

pb or ps) asthe trad er'sd ec isionvariable.For b revity,w e say that a trad er usesa

\j-limit ord er"w henhe postsa limit ord er w hich c reatesa spread w ith size j.T he

expec ted time-to-executionofa j-limit ord er isd enoted by T(j).Since the w aiting

7



c ostsare assumed to b e linear inw aitingtime,the expec ted w aitingcost ofa j-limit

ord er isd iT(j),i2 f1;2 g:Asa market ord er entailsimmed iate execution, w e set
T(0 ) = 0.

We assume that trad ersare riskneutral.T he expec ted pro¯t oftrad eri(i2f1;2 g)
w ho submitsa j-limit ord er is:

¦ i(j) =

8
><
>:

Vb¡pb¢ ¡d iT(j) = (Vb¡a¢ )+ j¢ ¡d iT(j) iftrad er iisa buyer

ps¢ ¡Vs¡d iT(j) = (b¢ ¡Vs)+ j¢ ¡d iT(j) iftrad er iisa seller

w here Vb,Vs are buyers'and sellers'valuations,respec tively.To justifythisclassī ca-

tionto buyersand sellers,w e assume that Vb > > A¢ ,and Vs < < B ¢ .11 E xpressions

inparenthesisrepresent pro¯tsassoc iated w ith market ord er submission.T hese prof-

itsare d etermined by the trad er'svaluationand the b est quotesw henhe submits

hismarket ord er.It isimmed iate that the optimalord er plac ement strategy w hen

the insid e spread hassize ssolvesthe follow ingoptimizationproblem,for buyersand

sellersalike:

max
j2f0 ;:::s¡1g

¼i(j) := j¢ ¡d iT(j): (1)

We w illshow that T(j) isnon-d ecreasing inj, inequilib rium. Hence a b etter

executionpric e (larger value ofj) isob tained at the c ost ofa larger expec ted w aiting

time.

A strategyfor a trad er isa mappingthat assignsa j-limit ord er,j2f0 ;:::;s¡1g;
to every possible spread s 2f1;:::;Kg.T hus,a strategy d eterminesw hich ord er to
submit giventhe size ofthe insid e spread . At the b eginningofthe game w e set:

a = A and b = B hence s = K:Let oi(:) b e the ord er plac ement strategy ofa

trad er w ith type i.A trad er'soptimalstrategy d epend sonfuture trad ers' ac tions

since theyd etermine hisexpec ted w aitingtime,T(¢):Consequentlya subgame perfec t
equilibrium ofthe trad inggame isa pair ofstrategies,o¤1(:) and o¤2 (:),such that the

ord er presc rib ed byeach strategyfor everypossible insid e spread solvesP rogram (1)
1 1 Traders'valuationsforthesecuritycanconsistofcommonandidiosyncraticcomponentsas in

Foucault(1 999)orH ollī eld,SandasandM iller(20 0 1 a,b).

8



w henthe expec ted w aitingtime T(¢) iscomputed usingthe fac t that trad ersfollow
strategieso¤1(:) and o¤2 (:).12

2 .2 Discussion

It isw orth stressingthat w e abstrac t from the e®ec tsofasymmetric informationand

informationaggregation. T hisisa marked d eparture from the \c anonicalmod el"

intheoreticalmic rostructure literature,surveyed inM ad havan(2 0 0 0 ), and requires

some motivation.

Inmost market microstruc ture mod els, quotesare d etermined by agentsw ho

have no reasonto trad e, and either trad e for speculative reasons, or make money

provid ing liquid ity. For these value-motivated trad ers, the risk oftrad ing w ith a

b etter informed agent isa concernand a®ec tsthe optimalord er plac ement strategies.

Incontrast, inour mod el, trad ershave a non-informationmotive for trad ing and

are prec ommited to trad e. T he risk ofad verse selec tionisnot anissue for these

liquid ity trad ers.Rather,they d etermine their ord er placement strategy w ith a view

at minimizingtheir transac tioncost and b alance the cost ofw aitingagainst the cost

ofob taining immed iacy inexecution.13 Inord er to focusonthistrad e-o® inthe

simplest w ay, w e propose a framew ork that allow sfor a simple d ichotomy b etw een

\mac ro"information-b ased asset pricingand market \mic ro"struc ture.We assume

that information-related c onsid erationsd etermine the price range, rather thanthe

price itself.T he equilib rium inthe market for liquid ity provisiond eterminesquotes

insid e thisrange.At thisstage w e d o not mod elthe d eterminationofthisrange,but

rather assume that it exists.For ¯xed income securitiesthese b ound ariesare quite

natural, giventhe existence ofclose substitutes. Incase ofequitiesw e c onjec ture

that thisprice range representsthe c onsensusamongallanalysts/investors,yet isnot
1 2T herules ofthegame,as wellas allthe parameters areassumed tobecommonknowledge

amongallthetraders.
1 3H arris(1 998)andG losten(20 0 0 )alsoarguethatoptimalorderplacementstrategiesaredi®erent

forliquiditytradersandvalue-motivatedtraders.
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sub jec t to arb itrage (see Shleifer and Vishny1997).

T he trad e-o® b etw eenthe c ost ofimmed iate executionand the cost ofd elayed

executionmay b e relevant for value-motivated trad ersasw ell.How ever, it isvery

d i± cult to solve d ynamic mod elsw ith asymmetric informationamongtrad ersw ho

c anstrategically choose b etw eenmarket and limit ord ers.Infac t w e are not aw are

ofsuch d ynamic mod els.14

3 E quilib rium P atterns

Inthissec tionw e charac terize the equilib rium strategiesfor each type oftrad er.For

givenvaluesofthe parameters, the equilib rium isunique. We also c alculate the

stationaryprob ab ilityd istributionofthe insid e spread inequilib rium.T he d ynamics

ofthe ord er °ow and the d istributionofthe insid e spread d epend on(i) the proportion

ofpatient trad ersrelative to the proportionofimpatient trad ersand (ii) the d i®erence

inw aitingcostsb etw eenpatient and impatient trad ers.T hislead susto d istinguish

b etw eenthree d i®erent typesofequilib ria.We provid e examplesw hich illustrate the

attributesofeach one ofthe three equilib rium types.

3.1 E xpec ted W aitingT ime

Inord er to charac terize the equilib rium,w e ¯rst analyze the b ehavior ofthe expec ted

w aitingtime func tionT(j).Suppose the trad er arrivingthisperiod choosesa j-limit

ord er.We d enote by ®k(j) the prob ab ility that the trad er arrivingnext period and

observinganinsid e spread w ith size jchoosesa k-limit ord er,k2f0 ;1;:::;j¡1g.15

Clearly ®k(j) d epend sontrad ers'strategiesand

j¡1X

k= 0
®k(j) = 1; 8j= 1;:::;K ¡1:

1 4ChakravartyandH olden(1 995)considerasingleperiodmodelinwhichinformedtraderscan
choosebetweenamarketandalimitorders.G losten(1 994)orB iaisetal.(20 0 0 )considerlimitorder
marketswithasymmetricinformationbutdonotallowtraderstochoosebetweenmarketandlimit
orders.

1 5R ecallthatk=0 standsforamarketorder.
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AssumptionA.2 impliesthat a trad er w ho facesa one tickspread submitsa market

ord er. Consequently, the time-to-executionfor a 1-limit ord er isone period , i.e.

T(1) = 1.Next, w e estab lish a generalrecursive formula for the expec ted w aiting

time func tion.T hisformula linksthe expec ted w aitingtimefunc tionto trad ers'ord er

plac ement strategies(d esc rib ed by the ® s0).

Lemma 1 If® 0(j) > 0 ; the expected w aitingtime for the executionofa j-limit ord er

isgivenbythe followingrecursive formula:

T(j) =
1

® 0 (j)

2
41 +

j¡1X

k= 1
®k(j)T(k)

3
5 8j= 2 ;:::;K ¡1 and T(1) = 1 (2 )

T w o extreme casesare w orth emphasizing.T he ¯rst isw henno trad er submits

a market ord er w henhe facesa spread w ith size j¤.Inthiscase ® 0 (j¤) = 0 and the

expec ted w aitingtime ofa j-limit ord er, w ith j¸j¤,isin̄nite.Such limit ord ers

w illnever b e submitted inequilib rium,since theyare d ominated by a market ord er.

Hence,inequilib rium,the expec ted w aitingtime oflimit ord ersisalw ays¯nite.T his

impliesthat limit ord ersexecute w ith c ertainty.16 T he second case isw henalltrad ers

submit a market ord er w hentheyfac e a spread w ith sizej¤¤.Inthiscase T(j¤¤) = 1.

It w illb ec ome apparent that no spread ssmaller thanj¤¤ and larger thanj¤ c anb e

observed inequilib rium.Inb etw een,there isa varietyofcasesinw hich some trad ers

¯nd it optimalto submit limit ord ers,w hile otherssubmit market ord ers.

AssumptionA.3 isused to ob tainthe expec ted w aitingfunction(E q.(2 )). T he

alternationofbuyersand sellersyield sa simple ord eringof the queue ofun̄lled

limit ord ers(the b ook): a j-limit ord er c annot b e executed b efore j0-limit ord ers

w here j0< j:T hisisofcourse true w henw e c onsid er tw o buyor tw o selllimit ord ers

b ec ause ofpric e priority.W ithout A.3,thisw ould not b e true how ever ifthe j-limit

ord er and the j0-limit ord er are inopposite d irec tion(a buy ord er and a sellord er

for instance).T he ord eringimplied by A.3explainsw hy the expec ted w aitingtime
1 6H owever,executionmaytakeplaceafteraverylongtime.Infact,inany n̄itetimeinterval,

theexecutionprobabilityofaj-limitorderisstrictlysmallerthan1 ;ifT(j)> 1 .
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hasa simple recursive struc ture.W ithout thisrecursive struc ture, it b ec omesvery

d i± cult to compute the expec ted w aitingtime functionand the mod elis(ingeneral)

intrac table.

3.2 E quilib rium strategies

Although the trad inggame hasanin̄nite horizon, the nod esw ith one-tickspread

serve asend -nod esinthe usual¯nite game trees,since everyb od y submit a market

ord er.T husw e cansolve the game bybackw ard ind uc tion.To see thispoint,c onsid er

a trad er w ho arrivesinthe market w henthe size ofthe insid e spread iss = 2 :T he

trad er hastw o choic es:either he submitsa market ord er or a 1-limit ord er.T he latter

improveshisexecutionprice byone tickc ompared to a market ord er but resultsina

one period d elay inexecution.Choosingthe b est ac tionfor each type oftrad er,w e

d etermine ®k(2 ) (for k= 0 and k= 1).If® 0 (2 ) = 0 ,the expec ted w aitingtime for a

2 -limit ord er isin̄nite.It follow sthat no spread larger thanone tickcanb e observed

inequilib rium.If® 0 (2 ) > 0 ;w e compute T(2 ) (usingE q.(2 )).T henw e proc eed to

s = 3and so forth.T hisind uctive approach isthe key to most resultsinthe paper.

T hree resultsfollow immed iately.First,asthisisa game ofperfec t informationan

equilib rium inpure strategiesalw aysexists.Sec ond ,since thisisa one-playgame for

each trad er,there areno Nash equilib ria (inpure strategies) other thanthe sub -game

perfec t equilib ria that w e trace byb ackw ard ind uc tion.And third ,the equilib rium is

uniquefor anytie-b reakingrule.We choose thefollow ingrule.Ifa trad er isind i®erent

b etw eena j1-limit ord er and a j2 -limit ord er,w ithj1 < j2 ,he submitsthe limit ord er

w ith the smallest spread (inthiscase the j1-limit ord er).

We proc eed by provingresultsthat charac terize the equilib rium.T rad erssubmit

limit ord ersonlyifthey cancover their w aitingcost.Since limit ord ersw ait at least

one period ,there isa spread b elow w hich a trad er stric tlyprefersto usemarket ord ers.

We refer to thisspread asb eingthe trad er's\reservationspread "and w e d enote it jRi

for trad er i(i2f1;2 g).T histhe smallest spread trad er iisw illingto establish w ith

12



a limit ord er,and stillthe assoc iated expec ted pro¯t isgreater thanzero (d ominates

a market ord er).Inord er to give a formald e¯nitionofthe reservationspread , let

int(x) b e the largest integer smaller thanor equalto x.T he reservationspread of

trad er iis:17

jRi := int(
d i
¢
)+ 1 i2f1;2 g (3)

Clearly,the reservationspread ofa patient trad er c annot exceed that ofanimpatient

one,how ever the tw o c anb e equal.T he latter c ase yield sthe ¯rst equilib rium typefor

allvaluesofother parameters.We saythat the tw o trad er typesare ind istinguishable

ifthey possessthe same reservationspread s: jR := jR1 = jR2 . Intuitively, trad ers

are ind istinguishable ifthe tw o w aiting costsfallinto the same c ellonthe grid :

[0 ;¢ );[¢ ;2 ¢ );[2 ¢ ;3¢ );:::.

P roposition1 Suppose trad ers' typesare ind istinguishable (jR1 = jR2 = jR ) then, in

equilibrium alltrad erssubmit a market ord er ifs·jR and submit a jR -limit ord er

ifs > jR .

T he proofofP roposition1 issimple and intuitive hence w e present it here instead

ofrelegatingit to the Append ix.Consid er a trad er w ho arrivesinthe market w hen

the insid e spread iss > jR .Ifhe submitsa j-limit ord er w ith jR < jthenthe next

trad er submitsa jR -limit ord er giventhe spec ī c ationof trad ers'strategies.T his

impliesthat ® 0 (j) = 0 (i.e. the w aiting time isin̄nite) for jR < j:T herefore a

j-limit ord er w ith jR < jc annot b e optimalsince it isnever executed .Ifthe trad er

submitsa jR -limit ord er; hisord er iscleared by the next trad er.B y d e¯nitionofthe

reservationspread ,thischoice d ominatesa market ord er.T hisestablishesthat w hen

the insid e spread islarger thantrad ers'reservationpric e,the optimalstrategy isto

submit a jR -limit ord er.Finallyconsid er a trad er w ho arrivesinthe market w henthe

spread iss·jR .B yd e¯nitionofthe reservationspread ,the submissionofa market
1 7A traderwhosubmitsalimitorderwaitsaleastoneperiodbeforeexecution.H encethesmallest

waitingcostforatraderwithtypei isdi:Itfollowsthatthesmallestspreadtraderi canestablish
isthesmallestinteger,jRi ;suchthat¼i(jRi )=jRi ¢ ¡di > 0 .T hisremarkyieldsEq.(3).

13



ord er isa d ominant strategyfor thistrad er.T hiscompletesthe proofofP roposition

1.

T he equilib rium w ith ind istinguishable trad ersischarac terized by anoscillating

pattern.T he ¯rst,asw ellaseveryod d -numb ered trad er afterw ard s,submitsa limit

ord er w hich createsa spread w ith size jR . T he second , and every even-numb ered

trad er afterw ard s,submitsa market ord er.T he insid e spread oscillatesb etw eenK

and jR and transactionstake place only w henthe spread issmall.Trad e pric esare

either A¡jR ifthe ¯rst trad er isa buyer, or B + jR , ifthe ¯rst buyer isa seller.

T he outc ome iscompetitive inthe sense that limit ord er trad ersalw aysquote their

reservationspread ,that isthe spread such that theyjust c over their w aitingcost.18

After charac terizingthe ¯rst type ofequilib rium, w e proc eed by assuming that

trad ersare heterogeneous:jR1 < jR2 .G iventw o spread sj1 < j2 w e d enote byhj1;j2 i
the set:fj1;j1 + 1;j1 + 2 ;:::;j2 g,i.e.the set ofallpossible spread sb etw eenj1 and j2
(inclusive).Inparticular,the range ofallpossible spread sish1;K i.

P roposition2 Suppose trad ersare heterogeneous(jR1 < jR2 ).Inequilibrium there

existsa cuto® spread sc2hjR2 ;K isuch that:

1.G ivena spread s2h1;jR1 i; patient and impatient trad erssubmit a market ord er.

2 .G ivena spread s 2hjR1 + 1;sci; a patient trad er submitsa limit ord er and an
impatient trad er submitsa market ord er.

3.G ivena spread s 2 hsc+ 1;K i; patient and impatient trad erssubmit a limit
ord er.

T he propositionshow sthat w henjR1 < jR2 ,the state variable s (the insid e spread )

ispartitioned into three regions: (i) s·jR1 ,(ii) jR1 < s·scand (iii) s > sc:T he
1 8O bservethattheticksizedeterminestheresolutionoftraders'categories.T helargeristhetick

size-themoretraderswithdi®eringwaitingcosts arepooledtogetherintothesameequilibrium
strategies.Converselyobservethatd1 andd2 maybearbitrarilycloseandstillfallintodi®erent
cellsofthegridiftheticksizeissu±cientlysmall.

14



reservationspread ofthe patient trad er,jR1 ,representsthe smallest spread observed

inthe market.At the other end scisthe largest quoted spread inthe market.Limit

ord ersw hich c reate a larger spread have anin̄nite w aiting time since no trad ers

submit a market ord er w henthe insid e spread islarger thansc.Hence these limit

ord ersare never submitted .T hisobservationpermitsusto restric t our attentionto

c asesw here sc= K;for b revity.T hisequalityhold strue w henthe cost ofw aitingfor

animpatient trad er issu± cientlylarge.19 U nd er thiscond itionimpatient trad ersal-

w aysd emand liquid ity(submit market ord ers),w hile patient trad erssupplyliquid ity

(submit limit ord ers) w henthe insid e spread islarger thantheir reservationspread .

P roposition3 Suppose sc= K:Any equilibrium exhibitsthe followingstructure:

there exist q spread s, n1 < n 2 < :::< nq, with n1 = jR1 , nq = K and 2 ·q·K; such

that the optimalord er submissionstrategyisasfollows:

²Animpatient trad er submitsa market ord er, for anyspread inh1;K i.

²A patient trad er submitsa market ord er whenhe facesa spread inh1;n1i and
submitsa n h -limit ord er whenhe facesa spread inhn h + 1;n h + 1i for h =

1;:::;q¡1.

Hence w hena patient trad er fac esaninsid e spread w ith size n h+ 1 > jR1 ; he

respond sby submitting a limit ord er w hich improvesuponthe insid e spread by

(n h+ 1 ¡n h ) ticks. T hisord er establishesa new insid e spread equalto n h. W hen

the insid e spread isK; it takesa streakofq¡1 patient trad ersto b ringthe insid e
spread to the competitive leveljR1 :Hence q d eterminesthe maximalnumb er oflimit

ord ersw hich c anb e observed inthe b ook.We refer to q asthe length ofthe book:A

smalllength ofthe b ookmeansthat patient trad ersquicklymake good o®erssince it

takesa few patient trad ersto b ringthe spread to the c ompetitive level.
1 9Forinstance,sc=K ifjR2 ¸K: Itisworthstressingthatthis condition is su±cientbutnot

necessary.InExamples2 and3 below,jR2 ismuchsmallerthanK butsc=K:
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Next w e analyze the expec ted w aitingtime inequilib rium.Let r := µ
1¡µ b e the

ratio ofthe proportionofpatient trad ersto the proportionofimpatient trad ers.

Intuitively, w henthisratio issmaller (larger) than1, liquid ity isconsumed more

(less) quickly thanit issupplied .Asw e show b elow , thisratio d eterminestrad ers'

b id d ingstrategiesand time-to-executionfor limit ord ers.

P roposition4 T he expected waitingtime functioninequilibrium isgivenby:

T(n1) = 1 and T(n h ) = 1 + 2
hX

k= 2
rk¡1 for h = 2 ;:::;q¡1;

and

T(j) = T(n h ) 8j2hn h¡1 + 1;n hi:

Clearly the expec ted w aitingtime func tion(w eakly) increasesw ith j.Hence the

larger isthe d istance b etw eenthe pric e ofa limit ord er and the mid -quote,the larger

isthe expec ted w aitingtime for the ord er.T hisresult isconsistent w ith the evid ence

inLo,M c K inleyand Zhang(2 0 0 1).

Another d eterminant ofthe expec ted w aiting time isthe proportionofpatient

trad ersrelative to the proportionofimpatient trad ers,r.T he intuitionisasfollow s.

Notic e that h d eterminesthe prioritystatusofa limit ord er inthe queue ofun̄lled

limit ord ers.Ac tually ann h -limit ord er c annot b e executed b efore n h0-limit ord ers

have b eenexecuted ifh 0< h (w henthese ord ersare present inthe b ook,ofcourse).

W henr increases, the likelihood ofa market ord er d ec reases. It follow sthat the

expec ted w aitingtime for the hth limit ord er inthe queue enlarges.It turnsout that

the rate ofincrease inthe w aitingtimefrom onelimit ord er to thenext inthe queue of

limit ord ersd epend sonr asw ell.Ac tuallyw henr > 1(r < 1) the marginalexpec ted

w aitingtime T(n h)¡T(n h¡1) isnon-d ecreasing(non-increasing) inh.Inthiscase,

w e say that T(¢) is\convex"(\concave") inh.T he next c orollarysummarizesthese
remarks.
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Corollary1 T he expected waitingtime ofthe hth limit ord er inthe queue oflimit

ord ersincreaseswith r, the ratio ofthe proportionofpatient trad ersto the proportion

ofimpatient trad ers.T he expected waitingtime functionis\convex"whenr > 1; and

\concave"whenr < 1 .

We show b elow that these propertiesofthe expec ted w aitingtime func tionin°u-

ence trad ers' b id d ingstrategies.Inthe next propositionw e expressthe spread son

the equilib rium path, i.e. n1;n 2 ;::;n q, intermsofthe exogenousparameters.De-

¯ne ª h := n h ¡n h¡1 for h ¸ 2 asthe spread improvement, w henthe insid e spread

hasa size equalto n h.T he spread improvement isthe numb er ofticksby w hich a

trad er narrow sthe spread w henhe submitsa limit ord er.T he larger isthe spread

improvement,the more aggressive isthe limit ord er.

P roposition5 T he set ofequilibrium spread sisgivenby:

n1 = jR1 ; nq = K;

n h = n1 +
hX

k= 2
ª k h = 2 ;:::;q¡1;

where

ª h = int(2 rh¡1
d 1
¢
)+ 1

and the length ofthe book, q isthe smallest integer such that:

jR1 +
qX

k= 2
ª k¸K: (4 )

T he previouspropositionshow sthat w henever,2 d 1rh¡1 ¸¢ ,a limit ord er trad er
¯nd soptimalto und ercut or to outb id the b est pric esbymore thanone tick(ª h > 1).

B iais, Hillionand Spatt (1995) observe that liquid ity suppliersfrequently improve

uponthe b est quotesby severalticks. O ur result id entī esfour d eterminantsfor

the spread improvement w hich could b e consid ered infuture empiric alinvestigation.
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T hese d eterminantsare: (i) the proportionofpatient trad ers,r,(ii) the per period

w aitingcost,d 1 (iii) the ticksize,¢ ,and (iv) the insid e spread .We analyze each of

these d eterminantsinturn.

W henr increases,the time-to-executionfor a givenpositioninthe queue oflimit

ord ersb ec omeslarger.Hence,other thingsequal,liquid itysuppliersb ear larger w ait-

ingcosts(d 1T):Trad ersreac t bysubmittingmore agressive ord ersto preempt good

positionsinthe queue oflimit ord ersand therebyred uc e their time-to-execution.T he

same e®ec t operatesw hend 1 increases.Inthiscase,trad ersb ear larger w aitingcosts

b ec ause the per-period w aitingcost islarger.T he smaller isthe ticksize,the smaller

isthe cost ofimprovinguponthe b est b id and askprices.T husa smaller tickresults

inlarger spread improvementsintermsofticks.

T he spread improvement,ª h,increases(d ec reases) w ith h w henr > 1 (r < 1):

T hismeansthat w henr > 1 the spread improvement increasesw ith the size ofthe

insid e spread , w hile the opposite istrue w henr < 1. T he intuitionisasfollow s.

Consid er the (h¡1)th trad er inthe queue ofun̄lled limit ord ers.T histrad er'stime

to executionisT(n h¡1)instead ofT(n h)for the trad er b ehind him inthe queue.Hence

the d i®erence inexpec ted w aitingcost b etw eenthe hth and the (h ¡1)th positionsin
the queue oflimit ord ersisequalto (T(n h)¡T(n h¡1))d 1.Intuitively,thisshould b e

the \pric e"ofacquiringthe (h¡1)th positioninstead ofthe hthpositioninthe queue.
T he d ollar spread improvement playsthe role ofthispric e and , for thisreason, it

isapproximately equalto (T(n h)¡T(n h¡1))d 1:2 0 T hisshow sthat the shape ofthe

w aitingtime func tiond eterminesthe relationship b etw eenthe spread improvement

and the insid e spread .W henr > 1,the w aitingtime functionisconvexinh.Hence

liquid itysupplierso®er larger spread improvementsw henthe spread islarge.W hen

r < 1,the w aitingtime func tionisconcave and liquid itysupplierso®er larger spread

improvementsw henthe spread issmall.
20 Infactobservethatªh¢ ' 2rh¡1d1 =(T(nh)¡T(nh¡1))d1 :T hedollarspreadimprovementis

onlyapproximatelyequaltothedi®erenceinwaitingcostbecausethesetofprices isdiscrete.
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Notice that w henspread improvementsare larger than1 tick,the trad ersd o not

make use ofallthe possible pric esinequilib rium.T hisimpliesthat the limit ord er

b ookfeatures\holes",i.e.casesinw hich the d istance b etw eentw o c onsecutive ask

or b id pric esislarger thanone tick.2 1

T he last part ofthe previousproposition(E q.(4 )) impliesthat that the length

ofthe b ook d ecreasesw henspread improvementsget larger. Ac tually, limit ord er

trad ersimprove onthe b est quotesby a larger numb er ofticksso that a smaller

numb er ofpricesonthe grid are used .T hismeansthat more competitive outc omes

are expec ted w henthe length ofthe b ookissmall.T hisisthe c ase inparticular w hen

r¸1 b ec ause (a)spread improvementsarelarge and (b )liquid ityisnot c onsumed too
quickly(w hichleavestimefor the insid e spread to narrow ).For thisreasonw e callthe

equilib rium w henr ¸ 1 a High Competition(HC) E quilibrium and the equilib rium

w henr < 1; a Low Competition(LC) E quilibrium.U singthisterminology,w e classify

allequilib ria inthree categoriesd esc rib ed inTable 1.

Table 1 - T hree equilib rium patterns
E quilib rium pattern Description Spec ī c ation
O scillating Ind istinguishable Trad ers jR1 = jR2 ;8r

Spread soscillate b etw eenK and jR :
HC Heterogeneoustrad ers jR1 < jR2 ;r¸1

High levelofcompetition
amongliquid ity provid ers
\Convex"time func tion

LC Heterogeneoustrad ers
Low levelofcompetition jR1 < jR2 ;r < 1
amongliquid ity provid ers
\Concave"time func tion

Inthe next sec tions,w e show that (i) the stationary prob ab ility d istributionof

spread sand (ii) the impac t ofa change inthe ticksize are strikingly d i®erent inHC

and LC equilib ria.
21 H oles inthelimitorderbookis aphenomenondocumentedbyseveralempiricalstudies:B i-

ais, H illion and Spatt(1 995)- Paris Bourse;G oldstein and Kavajecz (20 0 0 )- N Y SE;H ollī eld,
M iller,andSandas(20 0 1 a)-Stockholm;Benston,Irvine,andKandel(20 0 1 )-Toronto;andKandel,
L auterbach,andT kach(20 0 0 )-TelA viv.
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3.3 E xamples

We illustrate the three equilib rium patternsbynumeric alexamples.T he ticksize is

¢ = $ 0:12 5.T he low er pric e b ound ofthe b ookisset to B ¢ = $ 2 0 ,and the upper

b ound isset to A¢ = $ 2 2 :5.T hus,the maximalspread isK = 2 0 (K ¢ = $ 2 :5).T he

parametersthat d i®er ac rossthe examplesare presented inTable 2 .

Table 2 : T hree E xamples
E xample 1 E xample 2 E xample 3
(O scillating) (HC) (LC)

d 1 0:15 0:10 0:10
d 2 0:2 0 0:2 5 0:2 5
µ Anyvalue 0:55 0:4 5

Table 3presentsthe equilib rium strategyfor patient (type 1) and impatient (type

2 ) trad ersineach example.E ach entry inthe table presentsthe optimallimit ord er

(intermsofticks) giventhe current spread (0 stand sfor a market ord er).2 2

Table 3- E quilib rium strategies
22T heequilibrium strategies inExamples 2 and3 followfrom theformulaegiveninProposition

5.
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Current E xample 1 E xample 2 E xample 3
Spread Type 1 Type 2 T ype 1 Type 2 Type 1 Type 2

1 0 0 0 0 0 0
2 0 0 1 0 1 0
3 2 2 1 0 1 0
4 2 2 3 0 3 0
5 2 2 3 0 3 0
6 2 2 3 0 5 0
7 2 2 6 0 6 0
8 2 2 6 0 7 0
9 2 2 6 0 8 0
10 2 2 9 0 9 0
11 2 2 9 0 10 0
12 2 2 9 0 11 0
13 2 2 9 0 12 0
14 2 2 13 0 13 0
15 2 2 13 0 14 0
16 2 2 13 0 15 0
17 2 2 13 0 16 0
18 2 2 13 0 17 0
19 2 2 18 0 18 0
2 0 2 2 18 0 19 0

O rd er P lacement Strategies

Table 3revealsthe qualitative d i®erencesb etw eenthe three equilib rium types.In

E xample 1,jR1 = jR2 = 2 , thuspatient and impatient trad ersare ind istinguishable.

T he insid e spread osc illatesb etw eenthe maximalspread of2 0 ticksand the reser-

vationspread of2 ticks.InE xample 2 and 3, the trad ersare heterogeneoussince

jR1 = 1 and jR2 = 3:InE xample 2 ,the insid e spread sonthe equilib rium path are (in

termsofticks): f1;3;6;9 ;13;18;2 0g.Spread sofother sizesw illnot b e observed .2 3

InE xample 3, the insid e spread sonthe equilib rium path are (intermsofticks):

f1;3;5;6;7;:::;2 0g. Inthese tw o examples, transactionscantake plac e at spread s
w hich are stric tlylarger thanpatient trad ers'reservationspread s.How ever,trad ers

plac e much more aggressive limit ord ersinE xample 2 w here r > 1.Infac t spread

improvementsare larger thanone tickfor allspread sonthe equilib rium path inthis
23Table3 specī esactionsforspreadsonando®theequilibrium path.T hisisnecessaryforafull

specī cationoftheequilibrium strategy.
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c ase.Incontrast,inE xample 3,spread improvementsare equalto one tickinmost

c ases.Hence the market w illappear more c ompetitive inE xample 2 (r > 1) thanin

E xample 3(r < 1).

E xpec ted W aitingT ime

T he expec ted w aitingtime func tioninE xamples2 and 3isillustrated inFigure

1.T his¯gure presentsthe expec ted w aitingtime ofa limit ord er asa functionofthe

spread it c reates. Inb oth examplesthe expec ted w aiting time increasesw henw e

move from one reached spread to the next one,w hile it isconstant over the spread s

w hich are not posted inequilib rium.T he expec ted w aitingtime issmaller at any

spread inE xample 3.T hisexplainsthe d i®erencesinbid d ingstrategiesinE xamples

2 and 3.W henr < 1,limit ord er trad ersare lessaggressive b ecause they expec t a

faster execution.

B ookDynamics

Figure 2 illustratesthe b ookresultingfrom 4 0 round sofsimulationmakingind e-

pend ent d raw sfrom the d istributionoftrad ers' type.We use the same realizations

for E xamples2 and 3and lookat the d ynamicsofthe limit ord er b ook.

Asisapparent from Figure 2 , the insid e spread convergesmore quickly tow ard s

smalllevelsinE xample 2 thaninE xample 3. Since the type realizationsinb oth

b ooksare id entical,thisobservationisonly d ue to the fac t that patient trad ersuse

more aggressive limit ord ers,inord er to speed up execution,inE xample 2 .Ifthe type

realizationsw ere not held c onstant,there w ould b e a sec ond force ac tinginthe same

d irec tion.W henr islarger than1,the liquid ityo®ered by the b ookisconsumed less

rapid ly thanw henr issmaller than1.T hismeansthat the likelihood ofa market

ord er arriving w hile the spread islarge issmaller w henr > 1. T hise®ec t w ould

reinforce the fac t that spread stend to b e smaller inE xample 2 .We prove thispoint

more formallyinthenext sec tionbyd erivingthe prob ab ilityd istributionofthe insid e

spread .
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Figure 1 - Expected waiting time
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Figure 2 - Book Simulation (same realizations of type arrivals for two examples)
Example 2 - Intense competition among liquidity suppliers ( r  = 1.222)

Period 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40

Trader B2 S1 B1 S2 B2 S2 B1 S1 B2 S1 B2 S1 B1 S1 B2 S1 B1 S1 B1 S2 B1 S1 B1 S1 B2 S2 B1 S2 B1 S1 B1 S2 B2 S1 B2 S2 B2 S1 B1 S2

22 1/2 s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s
22 3/8
22 1/4 s s s
22 1/8

22
21 7/8 s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s
21 3/4
21 5/8
21 1/2 s s s s s s s s s s s s s s s s s s s
21 3/8
21 1/4 s s s s
21 1/8 b b b b b b b b b b b b

21
20 7/8
20 3/4 b b b b b b b b b b b b b b b b b b b b b b b b
20 5/8 b
20 1/2
20 3/8
20 1/4 b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b
20 1/8

20 b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b

Example 3 - Low level of competition among liquidity suppliers ( r  = 0.818 )

Period 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40

Trader B2 S1 B1 S2 B2 S2 B1 S1 B2 S1 B2 S1 B1 S1 B2 S1 B1 S1 B1 S2 B1 S1 B1 S1 B2 S2 B1 S2 B1 S1 B1 S2 B2 S1 B2 S2 B2 S1 B1 S2

22 1/2 s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s
22 3/8 s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s s
22 1/4 s s s s s s s s s s s s s s s s s s s s s s s s s s
22 1/8 s s s s s s s s s s s s s s s s s s s s s s s

22 s s s s s s s s s s s s s s s s s s
21 7/8 s s s s s
21 3/4
21 5/8
21 1/2
21 3/8
21 1/4
21 1/8

21
20 7/8
20 3/4 b
20 5/8 b b b b b b b b b b b b
20 1/2 b b b b b b b b b b b b b b b b b b b b b
20 3/8 b b b b b b b b b b b b b b b b b b b b b b b b
20 1/4 b b b b b b b b b b b b b b b b b b b b b b b b b b b b
20 1/8 b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b

20 b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b b

Legend:
B1 - Patient buyer, B2 - Impatient buyer, S1 - Patient seller, S2 - Impatient seller
b - a buyers limit order, s - a sellers limit order.



3.4 DistributionofSpread s

We have so far established the struc ture ofequilib rium strategies.O ur next step is

to d erive the prob ab ility d istributionofspread sind uced by these strategies.Inthis

w ay, w e show that smallspread sare more frequent inmarketsw here r > 1:T his

formalizesthe intuitionthat competitioninthese marketsismore intense.We also

use the d istributionofspread sinord er to calculate measuresofmarket qualityinthe

next sec tion.

W henjR1 = jR2 = jR the spread osc illatesb etw eenK and jR . T hus, the ex-

ante prob ab ility ofeach one ofthese tw o spread sis0.5.Now c onsid er the c ase in

w hich trad ersare heterogeneous,i.e.jR1 < jR2 :From P roposition3w e know that an

equilib rium canb e d escrib ed by q spread s: n1 < n 2 < :::< nq.A patient trad er

submitsa n h¡1-limit ord er w henthe insid e spread hassize n h (h = 2 ;:::;q) and a

market ord er w henhe fac esa spread ofsize n1.Animpatient trad er alw ayssubmits

a market ord er (w e maintainthe assumptionthat sc = K ). T hus, ifthe insid e

spread hassize n h (h = 2 ;:::;q¡1) the prob ab ility that itssize b ec omesn h¡1 inthe
next period isµ; and the prob ab ility that itssize b ec omesn h + 1 inthe next period

is1¡µ.Ifthe size ofthe insid e spread isn1 allthe trad erssubmit market ord ers

and itssize b ec omesn 2 w ith c ertainty.Ifthe size ofthe insid e spread isK thenit

remainsunchanged w ith prob ab ility 1¡µ (a market ord er) or it d ec reasesto nq¡1

w ith prob ab ility µ (a limit ord er).Hence the insid e spread isa ¯nite M arkov chain

w ith q¸ 2 states.T he q£q transitionmatrixofthisM arkov chain,d enoted byW;

is:

W =

0
BBBBBBBBB@

0 1 0 ¢¢¢ 0 0
µ 0 1¡µ ¢¢¢ 0 0
0 µ 0 ¢¢¢ 0 0
...

...
...

...
...

0 0 0 ¢¢¢ 0 1¡µ
0 0 0 ¢¢¢ µ 1¡µ

1
CCCCCCCCCA

T he jth entry inthe hth row ofthismatrixgivesthe prob ab ility that the size of

2 3



the insid e spread b ecomesnj c ond itionalonthe insid e spread havingsize n h (h ;j=

1;:::;q). A stationary d istributionofthisM arkov chain, may b e regard ed asthe

longterm prob ab ility d istributionofthe insid e spread s.2 4 We d enote the stationary

prob ab ilitiesbyu1;:::uq; w hereuh isthe prob ab ility ofaninsid e spread w ith size n h:

Lemma 2 T he M arkov chaingivenbyW hasa unique stationary d istribution.T he

stationaryprobabilitiesare givenby:

u1 =
µq¡1

µq¡1 +
P q

i= 2 µq¡i(1¡µ)i¡2
; (5)

uh =
µq¡h (1¡µ)h¡2

µq¡1 +
P q

i= 2 µq¡i(1¡µ)i¡2
h = 2 ;:::;q (6)

U singthisresult,Figure 3 d epic tsthe stationary d istributioninE xamples2 and

3.T he d istributionofspread sisskew ed tow ard higher spread sinE xample 3(w here

r < 1). Incontrast, it skew ed tow ard low er spread sinE xample 2 (w here r > 1).

T hisobservationiseasilyexplained by c onsid eringthe expressionsfor the stationary

prob ab ilities.For h ;h 02f2 ;3;:::;qg w ith h > h 0,the previouslemma impliesthat

uh
uh0

= rh
0¡h ;

uh
u1

=
1

rh¡1(1¡µ)
;

w hich yield sthe follow ingproposition.

P roposition6 For a giventicksize and givenvaluesofthe w aitingcosts

1.Ifr < 1 (LC equilibrium) ,uh > uh0for 1 ·h 0< h ·q:T hismeansthat the

d istributionofspread sisskew ed toward shigher spread swhenr < 1.

2 .Ifr > 1 (HC equilibrium) ,uh < uh0for 2 ·h 0< h ·q:2 5 T hismeansthat the

d istributionofspread s isskewed tow ard slow er spread swhenr > 1.
24SeeFeller(1 968).
25T he inequality,uh < uh0;does notnecessarilyhold forh0= 1 ;even ifr> 1 . A ctuallythe

smallestinsidespreadcanonlybereachedfrom higherspreadswhileotherspreadscanbereached
frombothdirections(nq=K canbereachedeitherfromnq¡1 orfromnq itself).T his impliesthat
theprobabilityofobservingthesmallestpossiblespreadisrelativelysmallforallvaluesofr.
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Figure 3 - Equilibrium spread distribution
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P roposition6establishesthat smallspread sare relativelymore (less)frequent than

large spread sinmarketsw ith intense (low ) c ompetitionb etw eenliquid ity provid ers

(w e explained the intuitioninthe previoussec tion).T hisresultsina smaller average

spread inmarketsw here r > 1 c ompared to marketsw here r < 1.For instance,the

expec ted spread inE xample 2 is8.4 ticksand the stand ard d eviationis6.2 ticks.In

E xample 3the expec ted spread is16.0 4 ticksand the stand ard d eviationis3.9 ticks.

T he higher stand ard d eviationinE xample 2 re°ec tsthe fac t that the limit ord er b ook

inthiscase featureslarger holesthaninE xample 3.

4 M arket Quality,T ickSize and Arrivalrate

Inthissec tionw e explore the e®ec t ofa change inthe ticksize or intrad ers'arrival

rate onmeasuresofmarket performance (the average spread and the average w aiting

cost).For b revityw e restric t our attentionto the c asesinw hich trad ershave d i®erent

reservationspread s,i.e.jR1 < jR2 .Furthermore,w e maintainour assumptionthat the

parametersare such that sc= K; so that impatient trad ersalw ayschoose market

ord ers.

4 .1 M easuringM arket P erformance

We w ould like to c ompare variousequilib ria intermsofmarket performance. In

ord er to d o so w e introd uc e tw o measures,w hich take into ac count the b ene¯ts/costs

ac c ruingto d i®erent typesofmarket partic ipants.O ur ¯rst measure isthe expec ted

d ollar spread givenby:

ES:= ¢
qX

h = 1
uhn h

T hisisone ofthe stand ard measuresofmarket performance. T he smaller isthe

expec ted d ollar spread , the more d istant are transac tionpric esfrom the \physic al

b ound aries"A and B. T hus, smaller b id -ask spread sare associated w ith higher

pro¯tsto liquid ityd emand ers(the impatient trad ers),since their market ord ersmeet
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more ad vantageouspric es.T hus,w e c onsid er ¡ES asa measure for the w elfare of

impatient trad ersw ho submit market ord ers.

M any stud iesexclusively focusonthe b id -ask spread asa measure ofmarket

quality.T he suppliersofliquid ity,w ho are perhapsconsid ered to b e more professional

trad ersor intermed iaries,are frequentlyignored .Inour setting,how ever,w e have no

reasonto ignore the liquid ity provid ers,since they are trad ersjust like the others.2 6

Acc ord ingly,our second measure ofmarket quality isthe c ost ofprovid ingliquid ity.

T he ex-ante expec ted cost ofw aitingfor the trad erspostinglimit ord ers(the patient

trad ers) is:

EC := d 1ET;

w here ET =
P q¡1

h= 1uhT(nh )
1¡uq . We refer to ET asthe ex-ante expec ted w aiting time.

It canb e interpreted asthe average waitingtime oflimit ord ersplac ed by patient

trad ers.2 7

T he w elfare ofthe patient trad ersisd etermined bytw o fac tors:theyw ould like to

minimize their pric e c oncessions(or equivalentlymaximize the spread ) inlimit ord ers

and they w ould like to minimize their expec ted w aiting cost. T hus, (ES¡EC )

measuresthe w elfare ofthe patient trad ers.O bserve that the expec ted spread isa

transfer payment,w hile the c ost ofw aitingisa d ead -w eight loss.T hisd ead -w eight

lossisminimized w hen(a) only patient trad ersprovid e liquid ity and (b ) patient

trad erspost their reservationspread sso that the expec ted w aitingtime isone period .

W henjR1 < jR2 ; the d ivisionofrolesise± c ient: patient trad ersprovid e liquid ity to

impatient trad ers.How ever,the patient trad erspost spread sab ove their reservation

spread for strategic reasons.T hisisa sourc e ofine± c iencysince thisb ehavior implies

that the expec ted w aitingtime isstric tlylarger thanone period .
26G losten(20 0 0 )alsoarguesthatthewelfareofallgroupsoftradersmustbetakenintoaccount

inevaluationsofspecī cmarketdesigns.
27T hestationaryprobabilitiesaredividedbytheprobabilitythattheinsidespreadislessthanK

becausenopatienttradersubmitsK-limitorders.
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4 .2 T ickSize and M arket Quality

T he ticksize hasb eenred uced inmanylimit ord er marketsinthe rec ent years.2 8 It

hasoftenb eenargued that such a d ecrease w ould red uc e the average d ollar spread and

w ould enhance market quality.2 9 Inthissec tionw e analyze the impac t a red uc tion

inthe tick size onour measuresofmarket performance. O ur mainresult isthat

a d ec rease inthe ticksize d oesnot necessarily improve the quality ofa limit ord er

market.Inparticular it c anresult inlarger average d ollar spread s.

We proc eed asfollow s.Let us¯xK; d 1;d 2 and µ and suppose that givena tick

size equalto ¢ w e ob tainanequilib rium w ith spread s: 1·n1 < n 2 < :::< n q = K.

Let ´ > 1 b e aninteger,and let ~¢ = ¢ =´ b e the new ticksize.We set ~K = K´ so

that the d ollar value ofthe largest spread d oesnot change: ~K ~¢ = K ¢ (the change

inticksize d oesnot a®ec t the monetary value ofthe range inw hich trad erschoose

their prices).Now ,for the ticksize ~¢ ,w e get a new equilib rium charac terized bythe

spread s:1·~n1 < ~n 2 < :::< ~n ~q = ~K ,w here ~q = ~q(́ ) isthe length ofthe b ookinthe

new equilib rium.30 We compare the tw o equilib ria inthe next lemma.

Lemma 3A d ec rease inticksize:

²increasesor leavesunchanged the length ofthe book(~q¸q),

²d ecreasesor leavesunchanged the monetaryvalue ofthe smallest q spread s(i.e.
~n h ~¢ ·n h¢ for h = 1;::;q).

O nthe one hand ,a d ec rease inthe ticksize expand sthe set ofpric esw hich c anb e

chosenbythe trad ersinthe range [A;B ]:Iflimit ord er trad ersd o not plac e aggressive

ord ers,theyw illmake use ofthe ad d itionalpric es.T hise®ec t increasesthe length of

the b ook.O nthe other hand ,the d ec rease inthe ticksize shiftsd ow nw ard trad ers'
28Forinstance,theTorontoStockExchangein1 996 ortheN Y SE in1 997.
29SeeH arris(1 997)forareviewoftheargumentsinfavororagainstthereductionintheticksize.
30 Itcanbecheckedthatifsc=Kwhentheticksizeis ¢ thenthis isstillthecasewhenthetick

sizeissmaller.T hismeansthatimpatienttraderskeepusingonlymarketorderswhentheticksize
is ~¢ :
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reservationspread and resultsinlarger spread improvementsintermsofticks(rec all

that ª h isinversely related to the ticksize).T hise®ec t red uc esthe monetaryvalue

ofthe smallest spread sinthe b ook. T hese tw o e®ec tshave opposite impac tson

the average spread .T he ¯rst e®ec t increasesthe average spread w hereasthe second

e®ec t d ec reasesthe average spread .Asshow nb elow ,w hich e®ec t isd ominant mainly

d epend sonthe intensityofthe c ompetitionamongliquid ity provid ers(r).

T he ex-ante expec ted w aitingtime for limit ord ersd epend sonthe length ofthe

b ook.For thisreason,a change inthe ticksize c analso mod ifythe ex-ante expec ted

w aitingcostsfor limit ord er trad ers.Inthe next propositions,w e use the follow ing

notation: ¿(q;r) := 1 + 2
P q¡1

h = 1 rh.O bserve that ¿(q;r) increasesw ith r.

P roposition7A d ec rease inthe ticksize d oesnot a® ec t the length ofthe bookif

and onlyifd 1¿(q;r)¸K ¢ .Inthiscase, the d ecrease inthe ticksize

1.Decreasesthe expected bid -askspread .

2 .Doesnot change the ex-ante expec ted w aitingcost.

T he c ond itiond 1¿(q;r) ¸ K ¢ requiresr to b e su± c iently large since ¿(q;r)

increasesw ith r.W henr islarge,liquid ity provid erssubmit aggressive limit ord ers.

For thisreason,they d o not make use ofthe new pricescreated by the red uc tionin

the ticksize.It follow sthat the red uc tioninthe ticksize d oesnot a®ec t the length of

the b ookinthiscase.W henthe change inthe ticksize leavesunchanged the length

ofthe b ook,it hasno e®ec t onthe prob ab ility d istributionofspread s(see Lemma

2 ).How ever the d ollar value ofeach insid e spread posted inequilib rium issmaller

(Lemma 3).For thisreasonthe d ecrease inthe ticksizenarrow sthe expec ted spread .

To illustrate the previousresult,consid er E xample 2 w here r = 1:2 2 .T he valuesof

the d i®erent parametersinthisexample are such that the cond itiond 1¿(q;r)¸K ¢

issatis̄ ed .Hence the resultsofP roposition7applies.For instance,Table 4 presents

the insid e spread sposted inequilib rium b efore and after red ucingthe ticksize from
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$ 18 to $
1
16 (́ = 2 and ~K = 4 0 ).Asexpec ted ,the length ofthe b ookd oesnot change

(~q = q = 7).T he d ollar spread sd ec rease and the expec ted spread narrow sfrom $ 1:0 5

to $ 1:0 1.

Table 4 - T he impac t ofa d ec rease inticksize onequilib rium

spread sinE xample 2
¢ = $ 0:12 5 ~¢ = $ 0:0 62 5

h Spread (ticks) Spread ($ ) Spread (ticks) Spread ($ )
1 1 0:12 5 2 0:12 5
2 3 0:375 6 0:375
3 6 0:75 11 0:6875
4 9 1:12 5 17 1:062 5
5 13 1:62 5 2 5 1:562 5
6 18 2 :2 5 34 2 :12 5
7 2 0 2 :5 4 0 2 :5

Now w e c onsid er the c ase inw hich the length ofthe b ookenlargesw henthe tick

size isred uc ed .

P roposition8 Suppose that d 1¿(q;r) < ¢
h
K ¡ q

´

i
.T hena d ecrease inthe ticksize

from ¢ to ~¢ = ¢ =´

1.Increasesthe length ofthe book(~q(́ ) > q).

2 .Increasesthe ex-ante expected waitingcost (EC < E ~C ).

T he c ond itiond 1¿(q;r) < ¢
h
K ¡ q

´

i
requiresr to b e su± cientlysmallsince ¿(q;r)

increasesinr:Intuitively w henr issmall,patient trad ersd o not submit aggressive

limit ord ers.T hismeansthat the new pric escreated bythe red uc tioninthe ticksize

are used by patient trad ers.T hise®ec t enlargesthe length ofthe b ookand c reates

~q¡qnew large spread s.Hence there are more limit ord ersinthe b ookand the average
w aitingtime (or c ost) increases.T he new spread sare inthe rangehK; ~K i:T husthey
contribute to w id enthe expec ted spread .At the same time the d ec rease inthe tick

size d rivesthe ¯rst q insid e spread ssmaller inmonetaryterms.T herefore the impac t
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ofa d ec rease inthe ticksize onthe expec ted spread isamb iguous.Casesinw hich the

expec ted spread enlargesw henthe ticksize isred uced d o exist.For instance c onsid er

a red uc tioninthe ticksize from $ 18 to $
1
16 (i.e.´ = 2 ) inE xample 3w here r = 0:818.

T he valuesofthe parametersare such that the c ond itiond 1¿(q;r) < ¢
h
K ¡q

´

i

issatis̄ ed . T he d ecrease inthe tick size c ausesthe length ofthe b ook to grow

d ramatic allyfrom q = 18 to ~q = 32 .T he expec ted spread and the expec ted w aiting

time rise from $ 2 :0 to $ 2 :2 and from 8:86to 9:87period s,respec tively.

For the valuesofr such that d 1¿(q;r) < ¢ K , there alw aysexistsa value of´

large enough such that the c ond itioninP roposition8 hold strue.Consequentlyfor

these valuesofr, the ex-ante expec ted w aitingcost startsincreasingw henthe tick

size b ecomestoo small.Inthese c ases, the ticksize w hich maximizesw elfare (i.e.

minimizesthe ex-ante w aitingcost) isalw aysstric tlypositive.A policyimplic ationis

that exchangesand regulatorsshould consid er the impac t ofthe ticksize onaverage

w aitingcostsfor liquid itysuppliersand not onlyonspread s.

4 .3 ArrivalR ate and M arket Quality

Inpresence ofw aitingcosts,the ord er arrivalrate isa d eterminant oftrad ers'b id d ing

strategy. Demsetz (1968), p.4 1 pointsout that: \T he fund amentalforce working

to red uce the spread isthe time rate oftransac tions. T he greater the frequency of

transac ting, the lower w illbe the cost ofwaitingina trad ingqueue ofa spec ī ed

length, and , therefore the lower willbe the spread sthat trad ersare willingto submit to

preempt positionsinthe trad ingqueue."Inthissec tion,w e argue that the impac t ofa

d ecrease inthe ord er arrivalrate onmarket qualityisamb iguous.Actuallya d ec rease

inthe ord er arrivalrate ind ucesliquid itysuppliersto submit more aggressivelypriced

limit ord ersw henthe insid e spread islarge.For thisreason, counter-intuitively, a

d ecrease inthe ord er arrivalrate d oesnot necessarily increase the expec ted spread .

We provid e anexample supportingthisclaim.

Let tb e the average length ofa period incalend ar time and let ±i b e trad er i's
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w aitingcost per unit ofcalend ar time.Inthiscase the per period w aitingcost is

d i= ±it:

T he larger isthe ord er arrivalrate (the smaller t), the smaller isthe per period

w aitingcost,for a givenlevelofimpatience (±i).Hence variationsinthe ord er arrival

rate are tantamount to variationsinthe per period w aitingcost.We c onsid er the

e®ec t ofanincrease intrad ers'w aitingcost (a d ec rease intrad ers'arrivalrate) using

the charac terizationofthe equilib rium provid ed inSec tion3.31 Let q b e the original

length ofthe b ook and ~q b e the length ofthe b ook after the d ec rease intrad ers'

arrivalrate.

P roposition9 A d ecrease intrad ers' arrivalrate (anincrease ind 1) :

1.d ecreasesor leavesunchanged the length ofthe book(~q·q);

2 .d ecreasesor leavesunchanged the ex-ante expected waitingtime.

3.increasesor leavesunchanged the ~q smallest insid e spread sposted inthe book.

For givenb id d ingstrategies,anincrease ind 1 enlargesliquid ityprovid ers'ex-ante

expec ted w aitingcost.Inord er to c ounterac t thise®ec t,liquid ity provid ersreac t by

submittingmore aggressive ord ers(spread improvementsget larger).For thisreason

the length ofthe b ook tend sto d ec rease w hentrad ers' arrivalrate d ec reases. As

a consequence the ex-ante expec ted w aitingtime (w hich isexpressed innumber of

period s) b ecomessmaller.Hence the net impac t ofa d ecrease intrad ers'arrivalrate

onthe ex-ante expec ted w aitingcost (EC ) isamb iguous.

Aspatient trad ers'w aitingcost increases,they require a larger c ompensationto

submit limit ord ers.For instance, their reservationspread increases.T hisexplains

the last part ofthe proposition. How ever limit ord er trad ersare more aggressive
31 Iftheconditionsc=K holdstrueforagivenlevelofperperiodwaitingcostforanimpatient

trader,italsoholdstrueforanylargerlevel.H encethecharacterizationoftheequilibriumgivenin
Section3 whentradersareheterogeneousremainsvalidwhentheorderarrivalratedecreases.
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w henspread sare large so that the insid e spread ad justsmore quicklyto smalllevels.

It follow sthat anincrease inliquid ity provid ers'w aitingcostscanind eed result ina

smaller average spread .

We illustrate the previousd iscussionw ith the follow ingexample.Suppose that in

E xample 3,the per period w aitingcost increasesfrom d 1 = 0:1 to d 1 = 0:2 4 9:Inthis

case,calculationsshow that the length ofthe b ookb ecomes~q = 9 instead ofq = 18:

T he expec ted spread narrow sand isequalto $ 15:85 instead of$ 16:03.T he average

w aitingtime d ec reasesasw ell(6:10 period sinstead of 8:86period s).How ever,the

ex-ante expec ted w aitingcost enlargesand isequalto $ 1:52 instead of$ 0:886.

5 E xtensions

Qeuingat the insid e spread

We have assumed that trad ersc annot queue, i.e. cannot plac e limit ord ersat

the existing insid e quote. Inreality, such quotesare allow ed . T hentime priority

d eterminesthe sequence inw hich limit ord ersplac ed at the same pric e are executed .

Inthe next proposition, w e id entify a c ond itiononthe parameterssuch that the

equilib rium w e have d esc rib ed inSec tion3isunchanged w hentrad ersare allow ed to

queue at the b est quotes.We just focusonthe case inw hich trad ersare heterogeneous

for b revity.

P roposition10 W hentime priority isenforced and trad ersare heterogeneous, the

equilibria whentrad ersare allow ed to queue at the insid e spread and whenthey are

not are id enticalifd 1
¢ ¸ 1

2 :

T he intuitionisasfollow s.Suppose that trad ersuse the trad ingstrategiesd e-

sc rib ed inSec tion3and give them the freed om to queue at the b est quotes.U nd er

the c ond itionofthe proposition,trad ersprefer to submit limit ord ersimprovingupon

the insid e spread rather thanqueuing.Hence trad ers'strategiesform anequilib rium

eventhough trad ershave the possib ility to queue.Not surprisingly queuingisnot
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optimalif(i) liquid ity provid ers' w aitingcost islarge, or (ii) the ticksize issmall.

Queuing increasesthe expec ted w aiting time substantially,so that und ercuttingis

alw aysoptimalw henpatient trad ers'w aitingcost issu± cientlylarge.W henthe tick

size issmall,liquid ty provid ersc anseize time priority at a low c ost since theyneed

to und ercut by a smallamount only.32

M ultiple trad er types.

Introd uc tionofmultiple trad er types(ord ered bytheir patience level- reservation

spread ) d oesnot change the mod elqualitatively.Inparticular the mod elstillexhib its

sensitivityto the proportionofrelativelypatient trad ersinthe population(see K ad an

2 0 0 1).T he presentationofthe mod elismore complex,how ever.Inparticular,more

thanthree d istinc t typesofequilib ria d o appear.

Commonalityinliquid ity.

R ecent literature (see Chord ia,R oll,and Sub rahmanyam (2 0 0 1),and Hub erman

and Halka (2 0 0 1)) id entī esc ommonelementsinliquid ityacrossstocks.T he conven-

tionalmod elshave d i± culty explainingthisphenomenon,since private information

arrivalsare unlikelyto b e c orrelated ac rossstocks,and one d oesnot expec t strongcor-

relationind ealer inventorylevelseither.M arket liquid ityinour mod elisd etermined

by the proportionofpatient trad ers,trad er arrivalrates,and the ticksize.T he ¯rst

tw o parametersvary c ontinuously over time, and may very w ellhave market-w id e

c omponents.33 Insuch a c ase our mod elpred ic tsc ommonality inliquid ity ac ross

stocksthat isc onsistent w ith the empiric al¯nd ings. T he mod elgeneratesmany

pred ic tionsthat allow to test thisconjec ture.

P rofessionalliquid ityprovid er.

T he analysisofSec tion3revealsthat patient trad ers'strategic b ehavior canresult

intransac tionstakingplac e w henspread sare w id e (relative to liquid ity provid ers'
32ItisworthstressingthattheconditiongiveninProposition1 0 is satis̄ edinallthenumerical

exampleswegaveinthepaper.Furthermorethis condition is su±cientforqueuingattheinside
quotetobesub-optimalbutnotnecessary.

33T hesewouldbeconsistentwiththepopularnotionssuchas\ activemarket";\ jitteryinvestors"
andothers.
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reservationspread s), especially inmarketsw here the proportionofpatient trad ers

isrelatively small(r < 1):Hence the b ook o®erspro¯t opportunitiesthat invite

submissionoflimit ord ersby a professionaltrad er (the \intermed iary") monitoring

themarket.We b rie°yd iscussthe impac t ofsuch anintermed iaryontrad ers'b ehavior

inour mod el.

We assume that the intermed iary isriskneutraland hasno cost ofw aiting.34

W henhe intervenes,he submitstw o limit ord ersthat improve onthe current spread

byone tickfrom each sid e.T hus,ifthe insid e spread hassize s,itsnew size b ec omes

s¡2 after the intermed iary'sintervention.Inthisw aythe intermed iaryearns(s¡2 )¢
w hensubsequent market ord ersclear hislimit ord ers. We also assume that there

isa spread s0 b elow w hich the intermed iary d oesnot intervene. T hisre°ec tsthe

fac t that he incurs(per share) trad ingcostsor monitoringcosts.Since these c osts

are non-negative, w e assume s0 ¸ 3. We refer to the range hs0 ;K i asb eing the
intermed iary'sinterventionzone.W henthe insid e spread isinthisinterventionzone,

the intermed iaryw illintervene w ith prob ab ility¯ (the interventionrate).To simplify

w e take the interventionrate asexogenous.Aninterventionrate lessthan10 0 % c an

b e d ue to the fac t that the intermed iaryc annot monitor c ontinuouslythe market (e.g.

he isac tive inseveralmarkets).

Let T¯(j) b e the expec ted w aitingfor a j-limit ord er w henthe intermed iary's

interventionrate is¯.T he formula giveninLemma 1 generalizesasfollow s

T¯(j) =

8
>>><
>>>:

[1+
Pj¡1

k= 1 ®k(j)T(k)]
® 0 (j)

for j= 1;:::;s0 ¡1

(1+ ¯[T¯(j¡1)+ T¯(j¡2 )]+ (1¡¯)
Pj¡1

k= 1 ®k(j)T
¯(k))

® 0 (j)(1¡¯) for j= s0 ;:::;K

(7)

U singE q.(7)and proc eed ingrecursively,asinSec tion3,w e c ancalculate trad ers'

optimalplacement strategiesfor each interventionrate.Interestinglyevena smallin-

terventionrate createsa large change inthe b ehavior ofliquid itysuppliers,especially

w henthe proportionofpatient trad ersisrelatively small(r < 1).We d emonstrate
34T hisassumptionisnotcrucialbutsimplī estheanalysis.
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thisusingE xample 3.R ec allthat inthisexample w e set d 1 = 0:2 5, d 2 = 0:1 and

µ = 0:4 5 (r = 0:82 ).Table 5 presentsthe optimalstrategiesofa patient trad er for

variousinterventionrates35.T he interventionzone isset to h3;2 0i,i.e.the c ostsof
the intermed iaryenable him to intervene w henever the spread isat least s0 = 3ticks.

Table 5

P atient trad ers'optimalstrategiesfor variousinterventionrates
Current ¯ = 0:0 0 ¯ = 0:10 ¯ = 0:15 ¯ = 0:2 5
Spread

1 0 0 0 0
2 1 1 1 1
3 1 1 1 1
4 3 1 1 1
5 3 4 1 1
6 5 4 5 1
7 6 4 5 1
8 7 4 5 1
9 8 8 5 1
10 9 8 5 1
11 10 8 5 1
12 11 8 5 1
13 12 8 5 1
14 13 8 5 1
15 14 14 5 1
16 15 14 5 1
17 16 14 16 1
18 17 14 16 1
19 18 14 16 1
2 0 19 14 16 1

Clearlypatient trad ersare more aggressive inpresence ofthe intermed iary(̄ > 0 )

thanw henhe d oesnot intervene (̄ = 0 ).Intuitivelythe threat ofinterventionbythe

intermed iaryincreasesliquid ityprovid ers'expec ted w aitingtime,other thingsequal.

Inturntheysubmit more aggressive limit ord ersinord er to shortenexecutiontimes.

W hen¯ = 0:2 5; the c ompetitive pressure c reated by the intermed iary isso strong
35R ecallthattheoptimalstrategyofimpatienttraderswhen ¯ = 0 is tosubmitmarketorders

only.Itremainssowhen¯ > 0 :
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that the patient trad erssubmit limit ord ersthat prevent the intermed iarypro¯tably

submittingord ers(the insid e spread islessthans0 ):

T hissimple illustrationd emonstratesthat ad d inga d esignated liquid ity provid er

to the pure ord er-d rivenmarket forc esliquid itysuppliersto submit more aggressive

limit ord ers. T histranslatesinto low er trad ing costsfor liquid ity d emand ers. For

some interventionrate (e.g. ¯ = 0:2 5); the presence ofthe d esignated liquid ity

provid er also red uc esthe ex-ante expec ted w aitingcost for liquid itysuppliers.Some

exchangesusinglimit ord er markets(e.g.the P arisB ourse or the Frankfurt Stock

E xchange) encourage the interventionofd esignated liquid ity provid ersinlessliquid

stocks.T he previousanalysisprovid esa rationale for thispolicy.

6 Conclusions

Wemod elthelimit ord er b ookasa market forliquid ityprovisionand c onsumption.In

contrast w ith the extant literature w e consid er the optimalord er plac ement d ecision

ofliquid itytrad ersw ho incur w aitingcosts.Furthermore w e end ogenize the expec ted

w aitingtime oflimit ord er trad ers.

T he proportionofpatient trad ersrelative to the proportionofimpatient trad ers

turnsout to b e a maind eterminant ofthe d ynamicsofthe b ook.Ac tually it d e-

terminesthe intensity ofcompetitionb etw eenliquid ity provid ersand the speed at

w hich liquid ity isconsumed .Inmarketsw ith a relativelylarge proportionofpatient

trad ers,trad erssubmit aggressively pric ed limit ord ersinord er to red uc e their exe-

cutiontime.Furthermore market ord ersare lessfrequent.T he comb inationofthese

tw o e®ec tsimplythat the prob ab ilityd istributionofspread sisskew ed tow ard ssmall

spread sinthese markets.

We also ¯nd that a d ec rease inthe ticksize mayenlarge the average insid e spread

inmarketsw here the proportionofpatient trad ersisrelatively small.Ac tually in

thiscase,patient trad ersd o not plac e veryaggressive ord ers.A ¯ner price grid gives

them the possib ilityto plac e evenlessaggressive ord ersbyexpand ingtheset ofeligible
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prices.A d ecrease intrad ers' arrivalrate ind ucesliquid ity provid ersto plac e limit

ord ersw hich are more aggressively priced inord er to get faster execution.For this

reason,counter-intuively,low er trad ingac tivity d oesnot necessarilyresult insmaller

average spread s.

Finally,w e show that a d esignated market-maker increasescompetitive pressures

amongliquid ityprovid ers.Inthisw ayhispresence c and rastic allyimprove the provi-

sionofliquid ity(low erspread sand smaller average w aitingcosts)w henthe proportion

ofliquid ity provid ersissmall.
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7 Append ix

P roofofLemma 1

Suppose a trad er (say a buyer) hassubmitted a j-limit ord er:Suppose j> 1.

T he next trad er (a seller) must choose amongjoptions.W ith prob ab ility ® 0(j),he

submitsa market ord er that clearsthe buyer'slimit ord er.W ith prob ab ility ®k(j),

the seller submitsa k-limit ord er.Inthiscase the seller hasto w ait T(k) period suntil

hisord er iscleared .From that moment the originalbuyer hasto w ait another T(j)

period s.T hisfollow sfrom AssumptionA.3.To see thispoint,suppose that j= 2

for instance.T he seller submitsa 1-limit ord er.T hena buyer arrivesw ho clearsthe

seller'sord er and the originalbuyer isb ackto the initialsituation(the insid e spread

isj= 2 and the buyer haspriority). Consequently, the originalbuyer'sexpec ted

w aitingtime,T(j),is:

T(j) = ® 0 (j)+
j¡1X

k= 1
®k(j)[1 + T(k)+ T(j)]: (8)

Solvingfor T(j) and using the fac t that
Pj¡1

k= 0 ®k(j) = 1 yield E q.(2 ). T he same

argument appliesto a seller.

P roofofP roposition2

T he proofofthispropositionreliesontw o lemmasthat w e prove inturn.

Lemma 4 Suppose that facinga spread ofsize s, trad er isubmitsa j-limit ord er with

0 ·j< s.Inthiscase facinga spread ofsize s+ 1, he either submitsa s-limit ord er

or a j-limit ord er.

P roof.B yassumptiontrad er isubmitsa j-limit ord er w henhe fac esa spread w ith

size s.T hus:

¼i(j) > ¼i(k) k= 0 ;:::j¡1;

¼i(j) ¸ ¼i(k) k= j+ 1;::;s¡1:
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Now ,suppose that trad er ifacesa spread ofsize s+ 1.If¼i(s)·¼i(j) thentrad er

iw illsubmit a j-limit ord er since ¼i(j) > ¼i(k) for allk = 0 ;:::;j¡1;j+ 1;:::;s:
If¼i(s) > ¼i(j) thentrad er isubmitsa s-limit ord er since ¼i(s) > ¼i(k) for all

k= 0 ;:::;s¡1.

Lemma 5 Suppose that facinga spread ofsize s, animpatient trad er submitsa j-

limit ord er withj¸1.Inthiscase facinga spread ofsize s, a patient trad er submits
a limit ord er aswell.

P roof.Suppose onthe c ontrary that a patient trad er submitsa market ord er w hen

the insid e spread hasa size equalto s.It follow sthat:

0 ·¼1(0 )¡¼1(j) = ¡j¢ + T(j)d 1 ·¡j¢ + T(j)d 2 = ¼ 2 (0 )¡¼ 2 (j); 8j¸1:

B ut thismeansthat animpatient trad er prefersa market ord er to a j¡limit ord er
- a c ontrad ic tion.

W henthe insid e spread isequalto one tick,allthe trad erssubmit a market ord er,

w hatever their type.Now suppose that a patient trad er fac esa spread oftw o ticks

and jR1 ¸2 (i.e.d 1 > ¢ ):Ifhe submitsa 1-limit ord er he ob tains:

¼1(1) = ¢ ¡d 1 < 0:

T herefore he prefersa market ord er. From Lemma 5 it follow sthat animpatient

trad er also prefersa market ord er w henhe facesa spread oftw o ticks.T hisimplies

that T(1) = T(2 ) = 1.B y ind uc tionit follow sthat fac inganyspread inh1;jR1 i,all
the trad erssubmit market ord ers,w hatever their type and that T(1) = T(2 ) = :::=

T(jR1 ) = 1.

Now suppose a patient trad er facesa spread w ith size jR1 + 1.Lemma 4 implies

that he may either submit a jR1 - limit ord er or a market ord er.He ob tainsa larger

payo® w ith a jR1 -limit ord er since

¼1(jR1 ) = jR1 ¢ ¡T(jR1 )d 1 = jR1 ¢ ¡d 1 > 0:
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From Lemma 4 it follow snow that the patient typesubmitslimit ord ersfor allspread s

s2hjR1 + 1;K i.Asfor the impatient type there are tw o c ases:
Case 1: T he impatient type submitsa market ord er for each s 2hjR1 + 1;K i in

w hich case w e set sc= K.

Case 2 : T here are spread sinh1;K ifor w hich the impatient type submitslimit
ord ers.Inthiscase let scb e the smallest spread that animpatient trad er c reates

w ith a limit ord er.B y d e¯nitionofsc; the impatient trad er submitsa market ord er

w henhe fac esa spread s2h1;sci and a sc-limit ord er w henhe facesa spread w ith
size sc+ 1.Lemma 5 impliesthat the patient type also submitsa limit ord er w hen

he fac esa spread w ith size sc+ 1.T hen,from repeated applic ationofLemma 4 ,it

follow sthat b oth patient and impatient trad erssubmit a limit ord er w hentheyface a

spread inhsc+ 1;K i.Finallyit c annot b e optimalfor animpatient trad er to submit
a limit ord er w hich createsa spread smaller thanhisreservationspread .T hisimplies

sc¸jR2 :

P roofofP roposition3

Since w e assume that sc= K the impatient type alw ayssubmitsmarket ord ers.

From P roposition2 ,a patient trad er submitsa market ord er w henhe facesa spread

inh1;jR1 i and a jR1 -limit ord er w henhe facesa spread w ith size jR1 + 1.R epeated
applicationofLemma 4 show sthe existence ofspread sn1 < n 2 < :::< nq such

that fac inga spread inhn h + 1;n h+ 1i the patient trad er submitsa n h -limit ord er for
h = 1;:::;q¡1.Clearly,n1 = jR1 and nq = K.

P roofofP roposition4

W henthey observe a spread w ith size jR1 ,allthe trad erssubmit a market ord er.

T herefore T(n1) = T(jR1 ) = 1.Let h 2f2 ;3;:::;qg.Suppose that the posted spread
iss2hn h¡1 + 1;n hi.W henhe observesthisspread ,a patient trad er submitsa n h¡1-
limit ord er and animpatient trad er submitsa market ord er.T herefore ® 0(s) = 1¡µ
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and ® nh¡1(s) = µ:It follow sfrom Lemma 1 that

T(s) =
1

1¡µ
[1 + µT(n h¡1)];8s2hn h¡1 + 1;n hi: (9)

Hence T(¢) isconstant for alls 2 hn h¡1 + 1;n hi. U sing E q.(9) and the fac t that
T(n1) = 1,w e ob tain

T(n h + 1)¡T(n h ) = r(T(n h)¡T(n h¡1)) for h ¸2 ; (10 )

and

T(n 2 )¡T(n1) = 2 r > 0:

T he claim follow snow byrepetitive applicationofE q.(10 ) and the fac t that T(n 1) =

1.

P roofofCorollary 1 Immed iate using the expressionfor the w aiting time

func tion.

P roofofP roposition5

Since n h = n h¡1 + ª h,w e immed iatelyget that n h = n1 +
Pk= h

k= 2 ª k:Furthermore

since nq = K; it must b e the case that q isthe smallest integer such that n1 +
Pk= q

k= 2 ª k¸K.P roposition3impliesthat facinga spread ofn h + 1 the patient type

prefersa n h -limit ord er over a n h¡1-limit ord er for h = 2 ;:::;q.Hence:

n h¢ ¡T(n h)d 1 > n h¡1¢ ¡T(n h¡1)d 1:

R earrangingand usingP roposition4 yield sfor h = 2 ;::;q :

ª h := n h ¡n h¡1 > (T(n h )¡T(n h¡1))
d 1
¢
= 2 rh¡1

d 1
¢
: (11)

Againfrom P roposition3,facinga spread ofn h a patient trad er (a)stric tlyprefers

a n h¡1-limit ord er over a limit ord er w hich createsa spread w ith size n h ¡1 or (b )
n h¡1 = n h ¡1:T herefore

n h¡1¢ ¡T(n h¡1)d 1 ¸(n h ¡1)¢ ¡T(n h ¡1)d 1:
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R earrangingand usingthe fac t that T(n h ¡1)·T(n h) w e ob tainfor h = 2 ;:::q:

ª h = n h ¡n h¡1 ·(T(n h)¡T(n h¡1))
d 1
¢
+ 1 = 2 rh¡1

d 1
¢
+ 1: (12 )

Comb ining(11) and (12 ) w e have for h = 2 ;:::;q:

ª h = int(2 rh¡1
d 1
¢
)+ 1: (13)

P roofofLemma 2

We ¯rst show that the M arkov chaingivenby W is(a) irred uc ib le and (b ) a-

period ic.

T he M arkov chainisirred ucible. O bserve that givenany tw o statesj1;j2

w ith 1 ·j1 and j2 ·q there isa positive prob ab ility that the chainw illmove from

j1 to j2 after a su± cientlylarge (though ¯nite) numb er oftransitions.T hisimplies

that anytw o statesinthe chaincommunicate,hence the chainisirred uc ible.

T he M arkov chainisa-period ic.Notic e that W q;q = 1¡µ > 0.T hismeans

that w henthe chainisinstate q,there isa prob ab ility equalto (1¡µ)m that it w ill

stay inthisstate for the next m transitions,8m ¸ 1:Since state q c ommunicates

w ith allthe other statesofthe chain, it follow sthat no state hasa period greater

than1.T husthe chainisa-period ic.

T hese propertiesimply that the M akov chainisergod ic.B eingergod ic, the in-

d uc ed M arkov chainyield sa unique stationary d istributionofspread s(see Feller

1968). Let u= (u1;:::;uq) d enote the row vec tor ofstationary prob ab ilities. T he

stationaryprob ab ility d istributionisob tained bysolvingq+ 1 linear equationsgiven

by:

uW = uand u" = 1; (14 )

w here " stand sfor the unit c olumnvec tor.It isstraightforw ard to verify that the

prob ab ilitiesgivenby E q.(5) and E q.(6) are a solutionofthissystem ofequations.
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P roofofLemma 3

We ¯rst show byind uc tiononh that ~n h ~¢ ·n h¢ for allh = 1;::;q:We start w ith

h = 1.ApplyingE q.(3) to b oth equilib ria w e ob tain:

d 1
¢

< n1 ·
d 1
¢
+ 1; (15)

d 1
~¢

< ~n1 ·
d 1
~¢
+ 1;

w hich imply

~n 1¡n1 <
d 1
~¢
+ 1¡ d 1

¢
= 1 +

d 1
¢
(́ ¡1) < 1 + n1(́ ¡1):

R earrangingyield s~n1 < ´n1 + 1 and since ´; n 1 and ~n1 are integersw e conclud e

that ~n1 ·´n1.M ultiplyingb oth sid esofthisinequality by ~¢ yield s~n1 ~¢ ·n1¢ as

expec ted .Now ,let h b e aninteger satisfying:1 < h ·q¡1.From P roposition5w e

c onclud e:

2 rh¡1
d 1
¢
+ n h¡1 · n h < 2 rh¡1

d 1
¢
+ n h¡1 + 1; (16)

2 rh¡1
d 1
~¢
+ ~n h¡1 · ~n h < 2 rh¡1

d 1
~¢
+ ~n h¡1 + 1:

R earranging:

~n h ¡n h < 2 rh¡1d 1(
1
~¢
¡ 1
¢
)+ ~n h¡1¡n h¡1 + 1; (17)

= 2 rh¡1
d 1
¢
(́ ¡1)+ ~n h¡1¡n h¡1 + 1:

T he ind uc tionhypothesisyield s~n h¡1 ·´n h¡1,or ~n h¡1¡n h¡1 ·n h¡1(́ ¡1).From
E q.(16) w e have 2 rh¡1 d 1¢ ·n h ¡n h¡1.Substitutingthese tw o inequalitiesinto E q.

(17) yield s:

~n h ¡n h < (n h ¡n h¡1)(́ ¡1)+ n h¡1(́ ¡1)+ 1;
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or ~n h < n h´ + 1:Since ~n h ;n and ´ are integersw e ob tain~n h ·n h´.M ultiplyingb oth

sid esby ~¢ yield s~n h ~¢ · n h¢ asexpec ted .Finally consid er h = q.T here are tw o

possib ilities.If

~n1 +
k= qX

k= 2

eª k¸ ~K ;

then~q = q:Inthiscase ~nq = ~K w hich impliesthat ~nq~¢ = nq¢ :If

~n 1 +
k= qX

k= 2

eª k < ~K ;

then~q > q:Inthiscase ~nq < ~K w hich impliesthat ~nq ~¢ < nq¢ :Hence w e have

proved that ~n h ~¢ ·n h¢ ;8h ·q and ~q¸q:

P roofofP roposition7

Suppose that d 1¿(q;r)¸K ¢ .First w e prove that ~q(́ ) = q;8́ ¸1:Suppose on

the contrary that ~q(́ ) > q.Inthiscase ~nq < ~K.Furthermore,inequilib rium,w hen

he fac esa spread of~nq+ 1;the investor isb etter o® submittinga ~nq¡limit ord er rather
thana market ord er.T he tw o remarksimply

0 < ~nq~¢ ¡d 1T(~nq) < ~K ~¢ ¡d 1T(~nq) = K ¢ ¡d 1T(~nq)

U singP roposition4 w e observe that T(~nq) = ¿(q;r).Hence the previousinequal-

ity impliesthat

0 < K ¢ ¡d 1¿(q;r);

incontrad ic tionto our assumption.T hisshow sthat d 1¿(q;r)¸K ¢ isa su± cient

c ond itionfor ~q(́ ) = q;8́ ¸1:Inord er to prove that thiscond itionisalso necessary
w e need the follow inglemma.

Lemma 6 Suppose that d 1¿(q;r) < ¢
h
K ¡ q

´

i
.T hena d ec rease inthe ticksize from

¢ to ~¢ = ¢ =´ increasesthe length ofthe book(i.e.~q(́ ) > q):

P roof.Suppose onthe c ontrary that ~q(́ ) = q:P roposition5impliesthat

~ª h ·int(2 rh¡1
d 1
~¢
)+ 1· 2 rh¡1d 1

~¢
+ 1; 82 ·h ·q:

4 8



Furthermore

~n1 ·
d 1
~¢
+ 1

It follow sthat:

~K = ~n1 +
qX

h= 2

~ª h ·
d 1
~¢
(1 + 2

q¡1X

h = 1
rh¡1)+ q:

M ultiplyingby ~¢ b oth sid esofthe inequality and using the fac t that K ¢ = ~K ~¢

yield

¢
"
K ¡q

´

#
·d 1¿(q;r)

- a c ontrad ic tion.

O bserve that ifd 1¿(q;r) < K ¢ ;there exists´ such that d 1¿(q;r) < ¢
h
K ¡ q

´

i
:It

thenfollow sfrom the previouslemma that the c ond itiond 1¿(q;r)¸K ¢ isnecessary

for the length ofthe b ookto b e unchanged w henthe ticksize isred uced .

Now w e observe that the stationary prob ab ility d istributionofspread sisnot

a®ec ted by a red uc tioninthe ticksize ifthisred uc tionleavesunchanged the length

ofthe b ook.T hisimpliesthat the ex-ante expec ted w aitingtime d oesnot change

w henthe red uc tioninticksize hasno impac t onthe length ofthe b ook.Furthermore

Lemma 3impliesthat each one ofthe qspread s(w eakly) d ec reasesw henthe ticksize

d ec reases.T hisimpliesthat the expec ted spread w eakly d ec reasesw ith the ticksize

und er the c ond itionofthe proposition.

P roofofP roposition8

T he ¯rst part ofthe propositionfollow sfrom Lemma 6that w e have established

inthe proofofthe previousproposition.For the sec ond part ofthe proposition,w e

use Lemma 7b elow .Let u1;:::;uq and ~u1;:::;~u~q d enote the stationary prob ab ilities

ofthe insid e spread s inequilib rium w henthe ticksizesare ¢ and ~¢ ; respec tively.

Similarly w e d enote byEC and E ~C the ex-ante expec ted c ost ofw aitinginthe tw o

equilib ria.

4 9



Lemma 7Ifq < ~q thenuh > ~uh for h = 1;:::;q:

P roof.Let h b e a spread w ith h = 2 ;:::;q.From E q.(6) w e have:

uh
~uh

=
µq¡h (1¡µ)h¡2

µq¡1 +
P q

i= 2 µq¡i(1¡µ)i¡2
¢µ

~q¡1 +
P ~q

i= 2 µ~q¡i(1¡µ)i¡2

µ~q¡h(1¡µ)h¡2
=

=
1

µ~q¡q
¢µ

~q¡1 +
P ~q

i= 2 µ~q¡i(1¡µ)i¡2

µq¡1 +
P q

i= 2 µq¡i(1¡µ)i¡2
=
µ~q¡1 +

P ~q
i= 2 µ~q¡i(1¡µ)i¡2

µ~q¡1 +
P q

i= 2 µ~q¡i(1¡µ)i¡2
> 1

T he prooffor the c ase h = 1 issimilar.

De¯ne w h := uh
1¡uq for h = 1;:::;q¡1 and ~w h := ~uh

1¡~u~q for h = 1;:::;~q¡1.T hen
EC = d 1

P q¡1
h = 1 w hT(n h) and E ~C = d 1

P ~q¡1
h= 1 ~w hT(~n h ).It follow sfrom Lemma 7that

~w h < w h for h = 1;:::;q¡1.Since T(n h ) = T(~n h) for h = 1;:::;q¡1 and since T(n h)
isincreasinginh w e have:

E ~C ¡EC = d 1
q¡1X

h= 1
~w hT(~n h )+ d 1

~q¡1X

h= q
~w hT(~n h)¡d 1

q¡1X

h= 1
w hT(n h)

= d 1

2
4
~q¡1X

h= q
~w hT(~n h )¡

q¡1X

h= 1
(w h ¡ ~w h)T(~n h)

3
5

> d 1

2
4
~q¡1X

h= q
~w hT(~nq)¡

q¡1X

h = 1
(w h ¡ ~w h)T(~nq)

3
5

= d 1T(~nq)

2
4
~q¡1X

h= q
~w h ¡

q¡1X

h = 1
(w h ¡ ~w h)

3
5 = 0

T husE ~C > EC asrequired .

P roofofP roposition9

P art 1:T he length ofthe b ookisthe smallest integer qsuch that jR1 +
Pk= q

k= 2 ª k¸
K:Since jR1 and ª k increase w ith d 1; for allk¸ 2 ; the length ofthe b ook cannot

increase w hend 1 increases.

P art 2 : T he ex-ante expec ted w aitingtime isgivenbyET =
Pk= q

k= 1(
uh
1¡uq)T(n h):

T he ratio ( uh
1¡uq) d oesnot d epend onq (See E q.(5) and (6)).Furthermore T(n h ) d oes
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not d epend onq:Hence each term inthe sum w hich givesET isuna®ec ted by a

change inthe length ofthe b ook.How ever the numb er oftermsincreasesw ith the

length ofthe b ook.It immed iatelyfollow sthat ET d ec reasesor isunchanged w hen

d 1 increases.

P art 3:B y ind uctiononh. Let d ¤1 b e patient trad ers' w aiting cost after the

d ec rease inthe ord er arrivalrate (i.e.d 1 < d ¤1).We d enote ~n h the hth spread after

thisd ec rease.For h = 1 w e know that:

n1 = int(
d 1
¢
)+ 1 and ~n1 = int(

d ¤1
¢
)+ 1 ;

and since d 1 < d ¤1,thenn1 ·~n1:For h = 2 ;:::;~q¡1,w e have from P roposition5:

n h = int(2 rh¡1
d 1
¢
)+ n h¡1 + 1;

~n h = int(2 rh¡1
d ¤1
¢
)+ ~n h¡1 + 1:

T herefore,from the ind uc tionhypothesisand since d 1 < d ¤1 w e ob tainthat n h ·
~n h.Finallyfor h = ~q; w e have ~n ~q = K and n ~q·K (the inequalityisstric t if~q < q)

so that n ~q·~n ~q and the result isproved .

P roofofP roposition10

Assume that trad ersfollow the same trad ingstrategiesasinthe equilib rium in

w hich theyarenot allow ed to queue.We id entifyb elow a cond itionund er w hich these

strategiesstillform anequilib rium w hentrad ersare allow ed to queue at the insid e

spread .Consid er a patient trad er w ho fac esa spread equalto n h.Ifhe improvesupon

the insid e spread ,he optimally choosesa limit ord er w hich c reatesa spread equalto

n h¡1 giventhe strategiesfollow ed bythe future trad ers.Hence,w e onlyneed to ¯nd a

c ond itionund er w hich thistrad er isb etter o® und ercuttingthe insid e spread rather

thanqueuingat the b est quotes.

Let T(n h ;2 ) b e the expec ted w aitingtime ofthe trad er ifhe d ecid esto queue by

plac inganord er at the insid e quote.T he trad er isb etter o® und ercuttingi®
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n h¡1¢ ¡T(n h¡1)d 1 ¸n h¢ ¡T(n h ;2 )d 1; 8h ¸1;

or

(n h ¡n h¡1)¢ ·[T(n h ;2 )¡T(n h¡1)]d 1 8h ¸1: (18)

We now id entify a c ond itionund er w hich thisno queuing cond itionhold s. T his

requirescomputationofT(n h ;2 ).

Let Tsa(n h) b e the expec ted w aitingtime for one trad er (sayi) postinga spread

n h , w henthe next persontrad esinthe same d irec tionastrad er i(for instance if

trad er iisa buyer thenthe next trad er isa buyer asw ell). T hissituationnever

oc cursonthe equilib rium path.It may oc cur how ever ifa trad er d eviatesfrom the

equilib rium strategybyd ecid ingto queue.Hence c onsid eringthissituationishelpful

to compute T(n h ;2 ).T he next trad er c aneither b e a patient trad er or animpatient

trad er.Ifthe trad er ispatient and h ¸ 2 , he submitsa limit ord er w hich c reates

a spread equalto n h¡1. After anexpec ted time equalto T(n h¡1), thisord er w ill

b e cleared o® and the ord er b ookw illb e b ack to the initialsituation.Ifthe trad er

isimpatient, he w illsubmit a market ord er. Follow ing thisord er, the new spread

posted inthe b ookcanb e n h+ 1 or n h.T he sec ond case oc cursw henthe market ord er

isexecuted at one ofthe tw o b ord er pric es,A or B ; (b ec ause at these pric esd epth is

in̄nite).From thispoint on,the expec ted w aitingtime for trad er iw illb e T(n h+ 1)

or T(n h).Since T(n h ) < T(n h+ 1); w e d ed uc e a low er b ound for T sa(n h),namely

Tsa(n h) > 1 + µ(T(n h¡1)+ Tsa(n h))+ (1¡µ)T(n h)8h ¸2 ;

or

T sa(n h) >
1

1¡µ
f1 + µT(n h¡1)+ (1¡µ)T(n h )g 8h ¸2 :

From P roposition4 ,w eknow that T(n h)¡T(n h¡1) = 2 rh¡1.Furthermore r´ µ
1¡µ.

U singthese resultsw e canrew rite the previousinequalityas:
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Tsa(n h ) > 2 T(n h )8h ¸2 : (19)

For h = 1; w e canfollow the same reasoning. T he only d i®erence isthat allthe

trad ers(patient or impatient)submit a market ord er w hentheyfac e spread w ith size

n1.We ob tain

Tsa(n1) > 2 T(n1) = 2 :

Now c onsid er a trad er w ho d ecid esto queue w henthe insid e spread isn h.T he

trad er w ho isinfront ofhim inthe queue hasanexpec ted w aiting time equalto

T(n h ).O nce thistrad er isexecuted ,the d eviant acquirespric e and time priorityand

hisexpec ted w aitingtime isTsa(n h ).It follow sthat:

T(n h ;2 ) = T(n h)+ Tsa(n h):

U singInequality(19),w e d ed uc e a low er b ound for T(n h ;2 ) :

T(n h ;2 ) > 3T(n h)8h ¸2 :

For h = 1,w e ob tain

T(n1;2 ) > T(n1)+ 2 T(n1) = 3:

Substituting the low er b ound for T(n h ;2 ) inCond ition(18), w e rew rite the no

queuingcond itionas

(n h ¡n h¡1)¢ ·f3T(n h)¡T(n h¡1)gd 1 8h ¸2 : (2 0 )

Furthermore,usingP roposition5,w e d ed uc e that

(n h ¡n h¡1)¢ < ¢ + 2 rh¡1d 1

Hence a su± cient c ond itionfor Cond ition(2 0 ) is

¢ + 2 rh¡1d 1 ·f3T(n h)¡T(n h¡1)gd 1;8h ¸2 :
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or

¢ ·2 T(n h )d 1 8h ¸2 : (2 1)

For h = 1,w e follow the same reasoningand w e ob tainthat a su± c ient c ond ition

for no queuingw henthe insid e spread isn1 is

¢ ·2 T(n1)d 1: (2 2 )

IfCond ition(2 2 ) hold strue thenCond ition(2 1) issatis̄ ed asw ellsince T(n h)

increasesinh.T husthe su± cient c ond itionfor no queuingat anyinsid e spread is:

d 1
¢
¸ 1
2
:
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